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Abstract. We develop a framework for deterministic approximate counting of multi-spin systems
beyond bounded-degree graphs. The algorithm recursively constructs rational polytopes contain-
ing the true marginal vectors and uses linear-fractional programming to obtain certified bounds on
marginal ratios. For positive interactions on graphs of polynomial connective constant D, we estab-
lish strong spatial mixing and a fully polynomial-time approximation scheme (FPTAS) whenever
Dc < 1, where c bounds the Birkhoff contraction coefficients of the interactions.

We further extend the framework to proper colorings of sparse Erdős-Rényi random graphs
using recursion on permissive blocks. For every fixed η ∈ (0, 1), sufficiently large fixed d, and fixed
integer q ≥ (2 + η)d, we obtain an FPTAS for counting proper q-colorings of G ∼ G(n, d/n) with
high probability over G. This improves the leading constant 3 in the earlier counting guarantee of
Yin and Zhang (APPROX/RANDOM, 2016) to 2, and asymptotically matches the spatial mixing
regime established by Yin (ICALP, 2014).

1. Introduction

The multi-spin system is a statistical physics model reflecting the global behavior of local inter-
actions. Their partition functions encode many counting problems in combinatorics, as well as key
thermodynamic quantities in statistical mechanics. Exact evaluation of partition functions is #P-
hard for broad classes of interactions [CC19, CCL13], making efficient approximation algorithms a
central object of study in theoretical computer science.

An instance of q-spin systems is a tuple Φ = (G = (V,E), [q],A = (Ae)e∈E ,λ = (λv)v∈V ) where
G = (V,E) is the underlying graph, the edge interactions Ae ∈ Rq×q

≥0 is a non-zero symmetric matrix
for every e ∈ E, and λv ∈ Rq

>0 is the external field associated with a vertex v ∈ V . The partition
function of Φ is defined as

Z(Φ) = ZG(λ,A) :=
∑

σ:V→[q]

w(σ), where w(σ) =
∏
v∈V

λv(σ(v))
∏

e=(u,v)∈E

Ae(σ(u), σ(v))

gives the weight of configuration σ. The corresponding Gibbs distribution µΦ is then defined as

∀σ ∈ [q]V , µΦ(σ) =
w(σ)

ZG(λ,A)
.(1.1)

Correlation decay provides a powerful route to deterministically approximating partition func-
tions. For a self-reducible problem, the partition function can be recovered from a sequence of
marginal probabilities. A correlation-decay algorithm estimates these marginals by truncating a
suitable recursion and controlling the effect of the resulting boundary error. This approach has
led to fully polynomial-time deterministic approximation schemes (FPTASes) for the hard-core
model [Wei06], matchings [BGK+07], colorings and multi-spin systems [GK12, LY13], and counting
problems in the Holant framework [YZ13, LWZ14]. An underlying probabilistic property is strong
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spatial mixing (SSM), which indicates that the influence of a boundary condition decays with the
distance to the vertices where that condition changes.

Unfortunately, when the number of spins q is greater than 2, turning spatial mixing into an
efficient algorithm often presents a challenge. To obtain an FPTAS, a recursive marginal estimator
must control errors for the approximate messages that it actually produces. However, prior analyses
over independent coordinate ranges may lose constraints shared by the coordinates of a probability
vector, including normalization and model-specific marginal bounds. The resulting contraction
condition can be stronger than the condition needed to compare true marginals. In addition, if
the underlying graphs are not bounded-degree, vertices of large degree can cause both local error
amplification and a large number of recursive calls. The connective-constant approach controls the
growth of self-avoiding walks and has allowed correlation-decay methods to handle certain models
beyond bounded-degree graphs [SSY13, SSŠY17]. Extending this approach to multi-spin systems
requires simultaneous control of the admissible messages and the cost of the recursion. For example,
counting proper colorings of sparse random graphs illustrates both difficulties. For G ∼ G(n, d/n),
Yin [Yin14] established, with high probability, strong spatial mixing at an arbitrarily fixed vertex
when q ≥ αd + β for every fixed α > 2 and a sufficiently large constant β. The deterministic
counting method of Yin and Zhang [YZ16] applies in a regime with leading constant 3. Closing
this gap requires a recursion that preserves more of the structure of marginal distributions while
accommodating vertices of unbounded degree.

In this work, we study strong spatial mixing and deterministic approximate counting for multi-
spin systems on graphs with potentially unbounded degree, but with bounded connective constant.
The connective constant is a quantity associated with the number of self-avoiding walks. Bounded
connective constant typically allows for locally dense parts in the underlying graphs, while from
the global perspective, such graphs remain similar to those with bounded degree.

We first generalize the result in [SSY13, SSŠY17] to establish strong spatial mixing of multi-spin
systems with positive interactions on graphs with bounded connective constant. Then our main
result is developing a new framework to design the FPTAS based on correlation decay by recursively
constructing rational polytopes containing the true marginal vector. The polytopes retain constraints
among marginal coordinates, and linear-fractional optimization produces certified bounds for the
factors in the marginal-ratio recursion. In addition, we apply our algorithm to approximate the
number of proper q-colorings on sparse random graphs and improves the best known algorithmic
result.

1.1. Main results. Our first result treats multi-spin systems with positive interactions on graphs
of bounded connective constant. Writing D for a bound on the growth of self-avoiding walks and c
for a uniform bound on the Birkhoff contraction coefficients of the interactions, we establish SSM
whenever Dc < 1. We then give a fully polynomial-time approximation scheme (FPTAS) for
the partition function under the same condition. The external fields may vary arbitrarily across
vertices, and the graph need not have bounded maximum degree.

Our second result concerns proper colorings of sparse Erdős–Rényi random graphs. For every
fixed η ∈ (0, 1), sufficiently large fixed d, and fixed integer q ≥ (2 + η)d, we give a deterministic
FPTAS that succeeds with high probability over G ∼ G(n, d/n). This improves the leading constant
in the counting guarantee of [YZ16] and asymptotically matches the parameter range of the fixed-
vertex spatial-mixing result of [Yin14]1. Here the high-probability guarantee is over the input graph;
the counting algorithm itself is deterministic.

Computation model. Before formally stating our main result, we clarify the computation model
here. In this work, we employ the classical deterministic Turing machine, which can be described
1We mention here that spatial mixing in [Yin14] is slightly different: it considers strong spatial mixing only on a fixed
vertex.
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as follows. Rational numbers are encoded by binary bits, and we allow all common bit operations,
e.g., arithmetic operations and shifting operations. For an input Φ, the length of Φ is the total
number of bits to encode Φ in the model. We use |Φ| to denote its length. For a single element x
in the model, we use bit(x) to denote the number of bits to encode x. The time complexity of an
algorithm is the bit complexity of it, i.e., the number of bit operations used by it.

Now we formally introduce our results. Our first result is on the spatial mixing of multi-spin
system with all positive interactions. For two probability distributions p, p′ on Ω, the total variation
distance between p and p′ is defined as∥∥p− p′

∥∥
TV

=
1

2

∑
c∈Ω

∣∣p(c)− p′(c)
∣∣.

Definition 1.1 (Strong spatial mixing). Fix a graph G = (V,E) and a Gibbs distribution on G.
We say µ exhibits strong spatial mixing of rate ρ < 1 if for two different partial assignments σ, τ on
a vertex subset Λ ⊆ V and v ∈ V \ Λ,

‖µ(v ← · | Λ← σ)− µ(v ← · | Λ← τ)‖TV ≤ poly (|V |) ρdistG(v,∆(σ,τ))

where ∆(σ, τ) := {v ∈ Λ | σ(v) 6= τ(v)} and distG(·, ·) is the distance metric on G.

For a symmetric matrix A with positive entries, define its Birkhoff projective diameter as

∆B(A) := ln max
i,j,k,ℓ∈[q]

AikAjℓ

AiℓAjk
(1.2)

and the Birkhoff contraction coefficient as

cB(A) := tanh

(
∆B(A)

4

)
.(1.3)

The coefficient cB(A) measures the contraction of positive vectors under multiplication by A in the
Hilbert metric.

We will show that the Gibbs distribution of a multi-spin system exhibits the following spatial
mixing property related to the connective constant2. For convenience, we use the following charac-
terization of connective constants. A self-avoiding walk of G = (V,E) of length ℓ is a simple path
v0, . . . , vℓ in G. Denote by SAWG(v, ℓ) the set of self-avoiding walks of length ℓ starting from v,
and define

Sℓ(G) := max
v∈V
|SAWG(v, ℓ)|

with convention S0(G) = 1. We say G = (Gn)n≥1 where Gn is a family of n-vertex graphs has a
polynomial connective constant D ≥ 1 if there are constants K ≥ 1 and α ≥ 0 such that

∀n ≥ 1, ℓ > 0, G ∈ Gn, Sℓ(G) ≤ KnαDℓ.(1.4)

Theorem 1.2 (Spatial mixing). Fix an integer q ≥ 3, and constants K ≥ 1, α > 0, c > 0 and
D ≥ 1 such that Dc < 1. Let G = (Gn)n≥1 satisfy (1.4). For every instance Φ = (G, [q],A,λ) with
positive interactions, G ∈ Gn and cB(Ae) ≤ c for every e ∈ E, the Gibbs distribution µΦ exhibits
strong spatial mixing of rate Dc.

The same sufficient condition yields a deterministic approximation scheme to the partition func-
tion ZG(λ,A).

2For simplicity to design the algorithm, we use an alternative definition of connective constant in this work. The
difference between it and the standard one does no harm on Theorem 1.3.
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Theorem 1.3 (Multi-spin systems). Fix an integer q ≥ 3, and constants K ≥ 1, α > 0, c > 0 and
D ≥ 1 such that Dc < 1. Let G = (Gn)n≥1 satisfy (1.4). There exists a deterministic algorithm
that, given an instance Φ = (G, [q],A,λ) with positive interactions, G ∈ Gn and cB(Ae) ≤ c for
every e ∈ E, and a binary rational ε ∈ (0, 1), it outputs an ε-approximation to ZG(λ,A) in(

n+ |Φ|+ bit(ε)

ε

)C

bit operations, where C depends only on q,K, α,D and c.

For the q-state Potts models at edge interaction β > 0 with any external field λ, all edges share
the matrix A with diagonal entries β and off-diagonal entries 1. Then we have ∆B(A) = 2|lnβ|
and cB(A) = |β−1|

β+1 , which gives the following direct corollary.

Corollary 1.4 (Potts model). Fix an integer q ≥ 3, and constants K ≥ 1, α > 0, D ≥ 1 and a
rational number β such that D |β−1|

β+1 < 1. For every graph family G = (Gn)n≥1 satisfying (1.4),
there is a deterministic algorithm that, given a Potts instance Φ on G ∈ Gn with positive rational
external fields and a binary rational ε ∈ (0, 1), outputs an ε-approximation to its partition function
in (

n+ |Φ|+ bit(ε)

ε

)C

bit operations, where C depends only on q,K, α,D and β.

Remark 1.5. Theorems 1.2 and 1.3 need the bounded connective constant of underlying graphs.
We list some amendable graph families here:

(1) all n-vertex graphs of maximum degree d have a polynomial connective constant d− 1;
(2) for every fixed d > 1 and δ ∈ (0, 1), with high probability over G drawn from the Erdős-

Rényi random graph G(n, d/n), it has a polynomial connective constant d(1 + δ);
(3) some specific lattices own known polynomial connective constants; for example, finite sub-

graphs of the honeycomb lattice satisfy (1.4) for every fixed D >
√
2 +
√
2, using the exact

standard connective constant established in [DCS12].

The second specific spin system is proper colorings on sparse Erdős-Rényi random graphs. A
proper q-coloring of G = (V,E) is an assignment σ : V → [q] satisfying σ(u) 6= σ(v) on every edge
(u, v) ∈ E. Denote by Ω(G, q) the collection of all proper q-colorings of G. This is the spin system
with λv(c) = 1 and Ae(i, j) = 1 [i 6= j]. The zero entries introduce feasibility constraints, so this
application requires an extension of the positive-interaction construction.

Theorem 1.6 (Colorings on random graphs). For every η ∈ (0, 1), there exists d0 = d0(η) such
that the following holds. For any fixed real d ≥ d0 and fixed integer q ≥ (2 + η)d, there are a
deterministic algorithm A = Aη,d,q and a positive integer n0 = n0(η, d, q) with the property: for
every n ≥ n0, with probability 1 − on(1) over G ∼ G(n, d/n), the graph is q-colorable and, for
any binary rational ε ∈ (0, 1), on input G and ε, the algorithm A outputs an ε-approximation to
|Ω(G, q)| in (

n+ bit(ε)

ε

)C

bit operations, where C depends only on η, d and q.

1.2. Technical overview.
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Spatial mixing along self-avoiding walks. The marginal-ratio recursion expresses the influence on a
vertex through marginals in smaller instances. For positive interactions, the Birkhoff contraction
bounds the contribution of each child by its Hilbert distance multiplied by the coefficient of the cor-
responding edge. Expanding these bounds produces a sum over self-avoiding walks. The coefficients
contribute at most cℓ along a walk of length ℓ, while (1.4) bounds the number of walks by KnαDℓ.
Their combined contribution therefore decays at rate Dc < 1, without requiring contraction of the
sum of influences at every vertex.

Deterministic approximate counting. We design FPTASes via estimating marginal probabilities.
At a query (Φ, v, t), the algorithm constructs a rational polytope Pt(Φ, v) containing the true
marginal vector at v. The polytope enforces normalization and bounds on every pairwise marginal
ratio. For a fixed pair of spins a, b, the exact recursion has the form

µΦ(v ← a)

µΦ(v ← b)
=

λv(a)

λv(b)

∏
i

Ai(a, ·) pi
Ai(b, ·) pi

,

where each child marginal pi depends on the pair a, b. Each factor is a linear-fractional function
of a single child marginal. Minimizing and maximizing it over the child polytope gives certified
bounds, whose products yield linear constraints on the parent marginal vector. This optimization
uses all constraints in the child polytope simultaneously.

The error measure is the Hilbert diameter of the feasible polytope. Since the true marginal
belongs to the polytope, a small diameter guarantees a multiplicative approximation from any
feasible point. For positive interactions, Birkhoff contraction and the self-avoiding-walk bound
control the propagation of these diameters. We round every computed lower bound downward
and every upper bound upward. This preserves containment and keeps the coefficient encoding
lengths polynomial. A logarithmic truncation depth and logarithmic rounding precision suffice for
the desired accuracy; a separate bound on the full computation tree establishes polynomial running
time.

Permissive blocks of random graph colorings. For proper colorings, a locally proper partial assign-
ment need not extend to a coloring of the graph. We use the permissive blocks of [Yin14, YZ16]
to obtain a recursion on blocks instead of vertices, for which local feasibility suffices. The polytope
now describes the joint distribution of a block. A lower bound on each feasible block probability
ensures positivity, while upper bounds on the single-vertex marginals sharpen the contraction of
the ratio factors. Specifically, if the relevant marginal coordinates are at most 1/s, the Hilbert
contraction coefficient is at most 1/(s− 1).

The random graph analysis has two roles. Weighted self-avoiding-walk estimates control the
accumulated error, and bounds on exceptional components and weighted block walks control the
total computation cost. The latter is necessary because polynomial work at each block does not
alone bound the number of recursive calls. Together these estimates yield Theorem 1.6 at q ≥
(2 + η)d.

1.3. Discussion. We put here some discussions and future directions.

Strong spatial mixing and approximate counting. As mentioned before, strong spatial mixing is
closely related to approximate counting while there usually remains a gap between them. When the
underlying graph is bounded degree, by [CFG+25], it seems that there exists a path from strong
spatial mixing to approximate counting via coupling independence and marginal lower bounds,
which however fails on unbounded-degree graphs. On the other hand, our work provides FPTASes
for multi-spin systems with positive interactions on graphs with bounded connective constant and
proper colorings on sparse Erdős-Rényi random graphs asymptotically matching the current regime
of strong spatial mixing on both models respectively. The problem whether strong spatial mixing
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implies efficient approximation schemes still remains in-depth discussion. We state the following
conjecture on this topic.

Conjecture 1.7. For multi-spin systems on a family of graphs satisfying some regularities, when the
Gibbs distribution exhibits exponentially strong spatial mixing, there is a deterministic approximation
schemes to the partition function with running time at most (quasi-)polynomial in the size of input.

Recovering earlier correlation-decay guarantees. Our algorithm provides a route to retaining the
guarantees of earlier recursive correlation-decay algorithms. We expect the framework to recover,
in principle, all previous results based on recursive correlation decay. A polynomial-time recovery
also requires that the recursion, any change of message coordinates, the enclosure representation,
and outward rounding preserve the earlier accuracy and complexity guarantees. The Birkhoff
contraction in Hilbert metric used in our positive-interaction theorem is one analysis of the frame-
work; recovering a different result may require its original potential function or other model-specific
bounds. The full coverage statement is a methodological expectation, rather than a universal sim-
ulation theorem established here. Our coloring result demonstrates a concrete gain beyond the
parameter range of the earlier recursive counting method of [YZ16].

Picture of approximate counting. Besides the correlation-decay method, there are different ways to
derive FPTAS for multi-spin systems: polynomial interpolations from zero-freeness [LSS19, LSS25,
BBR26], marginal estimators by derandomizing Markov chain Monte Carlo methods [FGW+25],
Moitra’s linear-programming methods on coupling independence [CFG+25] and algorithmic meth-
ods from statistical physics [HPR20, JKP20]. It remains an open problem whether the algorithm
proposed in this paper can cover even surpass the results by other techniques.

Deterministic and randomized algorithms. Randomized algorithm, such as Markov chain Monte
Carlo, has been widely studied in approximate algorithms. It has been commonly believed that
deterministic algorithms could have same capacities as randomized algorithms. A recent work
[CFG+25] on Moitra’s linear-programming methods on coupling independence provides several
deterministic counting results matching sampling results for spin systems on graphs with bounded
degree. However, when the bounded-degree assumption is missing, there still remains a gap to
reach current results of randomized algorithms, for example, [EHŠV18] shows the rapid mixing of
Glauber dynamics of random graph colorings when q > αd where α ≈ 1.7632 is the root of α = e1/α

on (1,∞) but we are only able to achieve q ≥ (2 + o(1))d. In spite of the gap, we hope that our
algorithm can give some inspiration on this topic.

Turing machine vs. arithmetic models. The computation model here is the deterministic Turing ma-
chine. The choice of this model relies on the running time to solve a linear-fractional programming,
which is in P under Turing machine but remains unknown under the arithmetic models.

1.4. Organization. Section 2 introduces the notation, Hilbert metric, random graphs, and some
necessary tools. Spatial mixing Theorem 1.2 for positive interactions is given in Section 3, and
our FPTAS and its approximation guarantee are provided in Section 4. Section 5 extends our
algorithm to proper colorings of sparse random graphs. The proofs of the Hilbert contraction
inequalities appear in Appendix A.

1.5. AI disclosure. The main idea of the algorithm framework was provided by authors. The
proofs in this paper were generated after supplying ChatGPT Pro 5.6 Sol Ultra with an earlier
research draft containing a preliminary algorithmic idea. The agents suggested using the polynomial
bit complexity of linear-fractional programming and provided parameter choices in Section 5.3 and
some calculations. The authors have verified all proofs and take full responsibility for the paper.
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2. Preliminaries

This section fixes basic notations and introduces necessary toolkits and preliminaries in the work.

2.1. Mathematical notations. Let R be all real numbers, R>0 be all positive real numbers and
N be all natural numbers. We use e to denote the natural logarithm base and ln to denote the
natural logarithm function. For a natural number n ∈ N, we use [n] to denote the set {1, . . . , n}.

For a graph G, V (G) denotes its vertex set and E(G) denotes its edge set. When the context
is clear, we simply use V and E. We give an order to V and use the alphabetical order to
compare paths. The notation degG(v) is the degree of v in G, i.e., the number of neighbors of
v in G. For a vertex subset B ⊆ V , let ∂EB be the edge-boundary of B in G. We always list
∂EB = {e1 = (u1, v1), . . . , em = (um, vm)} in a fixed order on E that ui ∈ B and vi /∈ B for
i = 1, . . . ,m.

Without any additional statement, we define a vector u ∈ Rd as a column vector in Rd×1. For a
matrix A ∈ Rd×d, we use A(i, ·) ∈ R1×d to denote the row vector of A at row i. To take the value
of an entry in a vector u or a matrix A, the notations u(i) and A(i, j) are employed together with
the standard notation ui.

For an assignment (or coloring) σ : U → [q] and a subset S ⊆ U , we use σ(S) to denote the
partial assignment of σ on S, i.e., σ(S) = σ|S and σ(v) to denote σ({v}) when S = {v}. For a
single element v ∈ U , we also use σ(v) to denote the assigned value on v. We use v ← c to describe
the term that v is assigned the value c and use B ← σ to describe the term that the subset B is
assigned the partial assignment σ.

2.2. Hilbert distance. We introduce the following metric used by [GK12, GKM15, Yin14, YZ16]
to describe the distance of two positive vectors. For two positive vectors p, p′ supported on a
common state space Ω, define the Hilbert distance between p, p′ as

dH(p, p′) := max
a∈Ω

ln
p(a)

p′(a)
−min

b∈Ω
ln

p(b)

p′(b)
= max

a,b∈Ω
ln

p(a)p′(b)

p′(a)p(b)
.(2.1)

It is trivial to see that any normalization of vectors does not change the Hilbert distance. The
following inequality uses the Hilbert metric to bound the total variation distance.

Lemma 2.1. For two positive probability vectors p, p′ supported on a common state space Ω, it
holds that ∥∥p− p′

∥∥
TV
≤ tanh

(
dH(p, p′)

4

)
≤ dH(p, p′)

4
.

Proof. When p = p′, the lemma is trivial. Otherwise, define the ratio vector of p and p′ as
R(c) = p(c)/p′(c), and set m = minc∈ΩR(c) and M = maxc∈ΩR(c). It is clear that m ≤ 1 ≤ M .
We compute the total variation distance as∥∥p− p′

∥∥
TV

=
∑
c∈Ω

max
{
p(c)− p′(c), 0

}
=
∑
c∈Ω

p′(c)max {R(c)− 1, 0} .

By the secant-line bound

max {0, x− 1} ≤ M − x

M −m
max {0,m− 1}+ x−m

M −m
max {0,M − 1} = (M − 1)(x−m)

M −m
,

it holds that ∥∥p− p′
∥∥
TV
≤
∑
c∈Ω

p′(c)
(M − 1)(R(c)−m)

M −m
=

M − 1

M −m
(1−m).
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Observe that M/m = et where t = dH(p, p′). By the AM-GM inequality etm+ 1
m ≥ 2et/2, we have∥∥p− p′

∥∥
TV
≤ et + 1− (etm+ 1/m)

et − 1
≤ et − 2et/2 + 1

et − 1
=

et/2 − 1

et/2 + 1
= tanh(t/4).

This proves the first inequality. For the second inequality, just observe that tanh(x) ≤ x on [0,∞)
and we conclude it. □

The following Birkhoff contraction for the Hilbert distance plays a crucial role. It is actually
a standard finite-dimensional argument in [Bir57] and for completeness, we include its proof in
Appendix A.

Lemma 2.2. For every positive symmetric matrix A and positive vectors x, y, it holds that
dH(Ax,Ay) ≤ cB(A)dH(x, y).

2.3. Self-reducibility. In the design of approximate algorithms, self-reducibility is an important
property. [JVV86] shows that for a family of self-reducible instances, it suffices to estimate the
marginal probability to approximate partition functions. For simplicity, we list some self-reducible
instances here instead of introducing the precise concept.

• Multi-spin systems on graphs with bounded degree or with bounded connective constant
are self-reducible.
• Although the proper q-coloring model is not self-reducible, the proper list-coloring model is

self-reducible.

2.4. Rounding length and rounding oracle. To maintain the bit complexity, we introduce
the rounding length and rounding oracles. Let P ≥ 3 be a picked rounding length and set ξP =
22−P be the rounding accuracy. We define two oracles round−P (x) and round+P (x) on (0,∞) as
following. Let s be the unique integer satisfying 2s ≤ x < 2s+1 and set hP (x) = 2s−P+1. We
define round−P (x) = hP (x)b x

hP (x)c and round+P (x) = hP (x)d x
hP (x)e. It holds that the bit complexity

of computing round+P (x) and round−P (x) is at most O((bit(x) + P )2). Furthermore, assume that
x ∈ [ℓ, u] where ℓ and u can be encoded by at most L bits. Then it takes at most O(L+P ) bits to
encode the rounded rational numbers round−P (x) and round+P (x). Meanwhile 0 < round−P (x) ≤ x ≤
round+P (x) and

max

{
ln

x

round−P (x)
, ln

round+P (x)

x

}
≤ ξP .(2.2)

2.5. Linear-fractional programming. Now we state some standard results for linear-fractional
programmings. A linear-fractional programming is of the form

(2.3) max/min
c⊤x+ α

d⊤x+ β

subject to Ax ≤ b.

where x represents the variables of the system, c,d ∈ Rn and α, β ∈ R are given parameters about
the optimization, and A ∈ Rm×n and b ∈ Rm are given parameters to describe the constraints.

The Charnes-Cooper transformation [CC62] shows that a linear-fractional programming can be
converted to a linear programming when the denominator d⊤x + β is positive uniformly over the
feasible region.

Theorem 2.3 (Charnes-Cooper transformation [CC62]). For an instance Φ of form (2.3) repre-
senting a bounded rational polytope, if d⊤x+ β > 0 for every feasible x, then it can be transformed
to a linear programming Φ′ of encoding length O(|Φ|). As a result, a rational optimum can be solved
in O(n3m3|Φ|3) bit operations.
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2.6. Erdős-Rényi random graphs. The Erdős-Rényi graph G = (V,E) ∼ G(n, p) on n vertices
of rate p ∈ [0, 1] is a random graph generated as:

• V = [n]; and
• for every (i, j) ∈

(
[n]
2

)
, E includes it with probability p independently.

The following lemma gives an algorithm to find a proper q-coloring on random graphs.

Lemma 2.4. For every d ≥ 1 and q > max d, 3, with probability 1− on(1) over G ∼ G(n, d/n), G
is q-colorable and a proper q-coloring on G can be output in poly (n, q) bit operations.

Proof. By [PSW96], with probability 1 − on(1), G has no q-core, i.e., an induced subgraph of
minimal degree at least q. Consider the following algorithm:

(1) initialize H = G, S = ∅ and Q = {v ∈ V (H) : degH(v) ≤ q − 1};
(2) repeat the following process until Q = ∅:

(a) pick a smallest vertex v ∈ Q;
(b) append v to the tail of S and remove v from Q;
(c) remove v from H and delete all incident edges to v;
(d) Q← Q ∪ {u ∈ V (H) : degH(u) ≤ q − 1};

(3) from the tail of S to the head, color the vertex with the smallest color which is not used by
assigned neighbors.

When G has no q-core, it holds that when Q = ∅, H is empty and thus S contains all vertices in
V (G). The feasibility of the coloring comes directly from the order to construct S and the total bit
operations is at most O(|V (G)|+ |E(G)|+ q(|V (G)|+ |E(G)|) ln q) = poly (n, q). □

3. Spatial Mixing of Multi-spin Systems

In this section, we show the strong spatial mixing of multi-spin systems Theorem 1.2. The key
ingredient is the ratio recursion of spin systems, which has been widely used in the analysis of
proper coloring models [GK12, GKM15].

To describe the recursion, we first introduce the concept of pinnings.

Definition 3.1. Given an instance Φ = (G = (V,E), [q],A = (Ae)e∈E ,λ = (λv)v∈V ) and a vertex
v ∈ V , assume that its neighbors are v1, . . . , vd where d = degG(v). For two distinct colors a, b ∈ [q]
and i ∈ [d], define the child instance Φv

i,a,b = (G′, [q],A′,λ′) as:
• the underlying graph G′ = G[V \ {v}] is the induced subgraph of G by removing v;
• A′ = (Ae)e∈E\{(v,v1),...,(v,vd)};
• λ′ = (λ′

v)V \{v} is defined as: for j = 1, . . . , i − 1, λ′
vj (c) = A(v,vj)(a, c)λvj (c); for j =

i+ 1, . . . , d, λ′
vj (c) = A(v,vj)(b, c)λvj (c); and λ′

u = λu for remaining vertices.
Let pvi,a,b be the marginal vector of vi in Φv

i,a,b, i.e., pvi,a,b(c) = µΦv
i,a,b

(vi ← c) for every c ∈ [q].
When the context is clear, we simply use Φi to denote Φv

i,a,b and pi to denote pvi,a,b.

Based on Definition 3.1, we have the following recursion for the marginal ratio, which plays a
central role in the proof of Theorems 1.2 and 1.3.

Lemma 3.2. Given an instance Φ = (G = (V,E), [q],A,λ), for every vertex v ∈ V and a, b ∈ [q],
it holds that

µΦ(v ← a)

µΦ(v ← b)
=

λv(a)

λv(b)

d∏
i=1

∑
c∈[q]A(v,vi)(a, c)µΦi(vi ← c)∑
c∈[q]A(v,vi)(b, c)µΦi(vi ← c)

.
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Proof. The proof is similar to [LY13, Proposition 1]. For simplicity, we use Ai to denote A(v,vi).
For a partial assignment π on V \ {v}, define

W (π) :=
∏

u∈V \{v}

λu(π(u))
∏

(u,w)∈E\{(v,v1),...,(v,vd)}

A(u,w)(π(u), π(w)).

For every c ∈ [q], let

F (c) :=
∑

π:V \{v}→[q]

W (π)
d∏

i=1

A(v,vi)(c, π(vi)).

By (1.1),
µΦ(v ← a)

µΦ(v ← b)
=

λv(a)F (a)

λv(b)F (b)
.

To telescope F (a)/F (b), for i = 0, . . . , d, define

Fi :=
∑

π:V \{v}→[q]

W (π)

i∏
j=1

A(v,vj)(a, π(vj))

d∏
j=i+1

A(v,vj)(b, π(vj)).(3.1)

Then it holds that F (a)/F (b) =
∏d

i=1 Fi/Fi−1 since F (a) = Fd and F (b) = F0. For a fixed
i = 1, . . . , d, write

Wi(π) = W (π)
i−1∏
j=1

A(v,vj)(a, π(vj))
d∏

j=i+1

A(v,vj)(b, π(vj)).

Observe that the partition function of Φi is equal to

Z(Φi) =
∑

π:V \{v}→[q]

Wi(π)

and for the marginal vector pi on vi,

∀c ∈ [q], pi(c) =
1

Z(Φi)

∑
π:V \{v}→[q],π(vi)=c

Wi(π).

Then we have

Fi =
∑

π:V \{v}→[q]

A(v,vi)(a, π(vi))Wi(π)

= Z(Φi)
∑
c∈[q]

A(v,vi)(a, c)pi(c)

and similarly Fi−1 = Z(Φi)
∑

c∈[q]A(v,vi)(b, c)pi(c). Therefore

Fi

Fi−1
=

∑
c∈[q]A(v,vi)(a, c)pi(c)∑
c∈[q]A(v,vi)(b, c)pi(c)

.

Plugging it into (3.1), we conclude the lemma. □

Proof of Theorem 1.2. Fix the boundary set Λ and two different partial assignments σ, τ on Λ. Let
Γ = ∆(σ, τ), i.e., the discrepancy of σ and τ . Set ∆ = 4arctanh c and ρ = D c. For convenience,
denote by HΦ(v,Λ, σ, τ) the Hilbert distance dH(µΦ(v ← · | Λ← σ), µΦ(v ← · | Λ← τ)).
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We will show that

HΦ(v,Λ, σ, τ) ≤
KnαD∆

1− ρ
ρdistG(v,Γ)−1(3.2)

and therefore by Lemma 2.1, we conclude the theorem.
We first introduce local activities on V \ Λ after a pinning π on Λ. Let

∀x ∈ V \ Λ, c ∈ [q], λπ
x(c) = λx(c)

∏
y∈Λ∩NG(x)

A(x,y)(c, π(y)).

The local Hilbert discrepancy is induced by local activities conditional on different pinnings:

H local(x) := dH(λσ
x, λ

τ
x).

By direct calculation on dH(λσ
x, λ

τ
x), it holds that

H local(x) ≤
∑

y∈Γ∩NG(x)

∆B

(
A(x,y)

)
.

We remark here H local(x) = 0 unless x is adjacent to Γ.
To show (3.2), we specify a sub-instance I by a vertex subset S = SI and an external field

h = (hx : [q] → R>0)x∈S with the original edge interactions restricted on G[S]. We say a pair of
instances (I = (S,h), I ′ = (S,h′)) are admissible if S ⊆ V \ Λ and for every x ∈ S,

∀c ∈ [q],
hx(c)

h′x(c)
=

λσ
x(c)

λτ
x(c)

.

Consider the Hilbert distance dH(µI(x← ·), µI′(x← ·)). Assume that x1, . . . , xd be the neighbors
of x in G[S]. For two positive probability p, p′ and a, b ∈ [q], by Lemma 2.2,∣∣∣∣∣ln

∑
c∈[q]A(x,xi)(a, c)p(c)∑
c∈[q]A(x,xi)(b, c)p(c)

− ln

∑
c∈[q]A(x,xi)(a, c)p

′(c)∑
c∈[q]A(x,xi)(b, c)p

′(c)

∣∣∣∣∣ ≤ dH
(
A(x,xi)p,A(x,xi)p

′)
≤ cB

(
A(x,xi)

)
dH(p, p′).

Apply Lemma 3.2, and we obtain that

dH(µI(x← ·), µI′(x← ·)) ≤ H local(x) + max
a,b∈[q]

d∑
i=1

cB
(
A(x,xi)

)
dH(µIi(xi ← ·), µI′

i
(xi ← ·))

where Ii, I ′i are generated by Definition 3.1 from I, I ′ respectively.
For a vertex subset S and a vertex x ∈ S, introduce the function Inf(S, x) in the following

recursive form:

Inf(S, x) = H local(x) +
d∑

i=1

cB
(
A(x,xi)

)
Inf(S \ {x} , xi)(3.3)

with boundary condition Inf(S, x) = H local(x) for S = {x} or x is isolated in the graph G[S]. By
induction, dH(µI(x ← ·), µI′(x ← ·)) is upper bounded by Inf(S, x) for every pair of admissible
(I, I ′). In addition, note that the instance Φ with pinning π on Λ is specified by V \ Λ and
λπ = (λπ

x)x∈V \Λ. Therefore, it holds that

HΦ(v,Λ, σ, τ) ≤ Inf(V \ Λ, v).

Unfold (3.3) and substitute the bound of H local(x). Every non-zero term is encoded by a self-
avoiding walk P = (v = x0, . . . , xℓ−1) in G[V \ Λ] and a vertex y ∈ Γ incident to xℓ−1. Append y
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to the tail of P . Therefore P is a self-avoiding walk from v to Γ of length ℓ with contribution at
most cℓ−1 ·∆. Hence,

Inf(V \ Λ, v) ≤
n−1∑

ℓ=distG(v,Γ)

cℓ−1 ·∆ · |SAWG(v, ℓ)|

≤ KnαD ·∆
∑

ℓ≥distG(v,Γ)−1

ρℓ

=
KnαD∆

1− ρ
ρdistG(v,Γ)−1.

Combining all things together, we conclude the theorem. □

4. Approximate Counting Multi-spin Systems with Positive Interactions

In this section, we design the algorithm in Theorem 1.3. Based on the recursion in Section 3,
we show how to recursively construct rational polytopes which approximately estimate the true
marginal vector and analyze them when the instance is defined on a graph of bounded connec-
tive constant in Section 4.1 and we derive the approximation scheme to the partition function by
polytopes in Section 4.2..

4.1. Rational polytopes induced by the recursion. Recall Lemma 3.2. Consider a query
(Φ = (G = (V,E), [q],A,λ), v, t) for an instance Φ, a vertex v ∈ V and an integer t ≥ 0 representing
the recursive depth We recursively construct a rational polytope P = Pt(Φ, v) to estimate the
marginal vector µΦ(v ← ·) as Definition 4.1.

Definition 4.1 (Rational polytope for spin systems). The variables of Pt(Φ, v) is (zc)c∈[q]. When
v is an isolated vertex in G, Pt(Φ, v) is the exact polytope

∀c ∈ [q], zc =
λv(c)∑

k∈[q] λv(k)
.

When v is not isolated, assume that its neighbors in G are v1, . . . , vd where d = degG(v). The
polytope Pt(Φ, v) at first contains:

• Non-negativity.

∀c ∈ [q], zc ≥ 0.(4.1)

• Normalization. ∑
c∈[q]

zc = 1.(4.2)

We separate cases based on the value of the depth t.
• t = 0. For every distinct spins a, b ∈ [q], the polytope contains

L0
a,b · zb ≤ za ≤ U0

a,b · zb(4.3)

where

L0
a,b :=

λv(a)

λv(b)

d∏
i=1

min
c∈[q]

A(v,vi)(a, c)

A(v,vi)(b, c)
, U0

a,b :=
λv(a)

λv(b)

d∏
i=1

max
c∈[q]

A(v,vi)(a, c)

A(v,vi)(b, c)
.
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• t > 0. For every distinct spins a, b ∈ [q] and i = 1, . . . , d, construct an instance Φi = Φv
i,a,b.

Recursively obtain the polytope Pi = Pt−1(Φi, vi). Solve the following two LFPs:

ℓ∗i,a,b := min
z∈Pi

∑
c∈[q]A(v,vi)(a, c)zc∑
c∈[q]A(v,vi)(b, c)zc

, u∗i,a,b := max
z∈Pi

∑
c∈[q]A(v,vi)(a, c)zc∑
c∈[q]A(v,vi)(b, c)zc

.

and set ℓi,a,b = round−P (ℓ
∗
i,a,b), ui,a,b = round+P (u

∗
i,a,b). Setting Lt

a,b = λv(a)
λv(b)

∏d
i=1 ℓi,a,b and

U t
a,b =

λv(a)
λv(b)

∏d
i=1 ui,a,b, the polytope then contains

Lt
a,b · zb ≤ za ≤ U t

a,b · zb.(4.4)

Fact 4.2 (Well-definedness and soundness of polytopes). At every depth the recursive construction
is well-defined, the true marginal vector at v belongs to Pt(Φ, v) and the bit complexity to encode
Pt(Φ, v) is at most O(q3(|Φ|+ nP )).

Proof. We prove the fact by induction. When the polytope contains only an exact point (the case
v is isolated), the fact is trivial. Otherwise, at depth 0, it is direct to see the true marginal vector
pv at v satisfies constraints (4.1) and (4.2). By Lemma 3.2, it is easy to verify pv satisfies (4.3).
The bit complexity to encode P0(Φ, v) is at most O(q3|Φ|) since we have q variables and O(q2)
constraints with each constraint encoded with at most O(|Φ|) bits.

Suppose that the assertion holds through depth t − 1. It is trivial to see the true marginal
vector pv satisfies (4.1) and (4.2). Since the true marginal vector pi belongs to Pi by induction, by
Lemma 3.2, pv also satisfies the constraint (4.4) even after applying rounding oracles. Therefore
we conclude that pv ∈Pt(Φ, v). To compute the number of bits to encode Pt(Φ, v), note that we
have q variables and O(q2) linear constraints. For a constraint (4.4), note that for each i = 1, . . . , d,
it holds that

min
c∈[q]

A(v,vi)(a, c)

A(v,vi)(b, c)
≤ ℓ∗i,a,b ≤ u∗i,a,b ≤ max

c∈[q]

A(v,vi)(a, c)

A(v,vi)(b, c)
.

Hence, it takes O(bit(A(v,vi))+P ) bits to encode the rounded rational number ℓi,a,b, ui,a,b and thus
O(bit(λv) + dP +

∑d
i=1 bit(A(v,vi))) bits to encode Lt

a,b and U t
a,b. Therefore, the bit complexity to

encode Pt(Φ, v) is at most O(q3(|Φ|+ nP )). □

For an admissible polytope P, we use diamH(P) to denote the Hilbert diameter of P, i.e.,

diamH(P) := max
x,y∈P

dH(x, y).

Based on the Birkhoff contraction Lemma 2.2, the following recursion is on the control of the
accuracy in Pt(Φ, v) by its child polytopes.

Proposition 4.3. Fix an admissible feasible query (Φ, v, t). When v is isolated, diamH(Pt(Φ, v)) =
0. Otherwise, assume that its neighbors are v1, . . . , vd. It holds that

diamH(Pt(Φ, v)) ≤

{∑d
i=1∆B(A(v,vi)), t = 0

maxa,b∈[q]
∑d

i=1

(
cB(Av,vi)diamH(Pt−1(Φ

v
i,a,b, vi)) + 2ξP

)
, t > 0

.

Proof. When v is isolated, Pt(Φ, v) contains only a single point and thus diamH(Pt(Φ, v)) = 0.
Suppose that v is not isolated and its neighbors are v1, . . . , vd. For t = 0, it holds that

ln
U0
a,b

L0
a,b

=

d∑
i=1

(
ln max

c,d∈[q]

A(v,vi)(a, c)A(v,vi)(b, d)

A(v,vi)(a, d)A(v,vi)(b, c)

)
≤

d∑
i=1

∆B(A(v,vi)).
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Then for every x, y ∈P0(Φ, v), it holds that

dH(x, y) = max
a,b∈[q]

ln
x(a)y(b)

x(b)y(a)
≤ max

a,b∈[q]
ln

U0
a,b

L0
a,b

≤
d∑

i=1

∆B(A(v,vi)).

For t > 0, for every i = 1, . . . , d, by Lemma 2.2,

ln
u∗i,a,b
ℓ∗i,a,b

≤ max
x,y∈Pt−1(Φi,vi)

dH(A(v,vi)x,A(v,vi)y)

≤ cB(A(v,vi))diamH(Pt−1(Φi, vi)).

Together with (2.2), it holds that

ln
U t
a,b

Lt
a,b

≤
d∑

i=1

(
cB(A(v,vi))diamH(Pt−1(Φ

v
i,a,b, vi)) + 2ξP

)
.

A similar argument to the case t = 0 shows

diamH(Pt(Φ, v)) ≤ max
a,b∈[q]

ln
U t
a,b

Lt
a,b

and thus we conclude the full proposition. □

The following bound of accuracy is a corollary of Proposition 4.3.

Corollary 4.4. Given an instance Φ = (G = (V,E), [q],A,λ) such that G satisfies (1.4) and
D · cB(Ae) < 1, for every integer R ≥ 0 and v ∈ V , it holds that

diamH(PR(Φ, v)) ≤ KnαD

(
∆ρR +

2ξP
1− ρ

)
(4.5)

where c = maxe∈E cB(Ae), ∆ = 4arctanh c and ρ = D · c. Moreover, set

R = Rε =

⌈
ln(4KnαDmax

{
1,∆

}
/ε)

ln(1/ρ)

⌉
, P = Pε = max

{
3,

⌈
ln2

32KnαD

ε(1− ρ)

⌉}
.(4.6)

For every feasible point z ∈PR(Φ, v), it holds that for every c ∈ [q],
e−εµΦ(v ← c) ≤ zc ≤ eεµΦ(v ← c).

Proof. The proof is similar to Theorem 1.2. Fix an instance Φ = (G = (V,E), [q],A,λ), a vertex
v ∈ V and a depth R ≥ 0. First we have

∆B(Ae) = 4 arctanh cB(Ae) ≤ 4 arctanh c = ∆.

Consider the recursion in Proposition 4.3. We unfold the recursion into a rooted tree T with
root ϱ. A node ω in T at level 0 ≤ r ≤ R is labelled by a derived instance Φω on the underlying
graph Gω, a vertex vω and a remaining depth R − r. At every node ω at level r < R, we choose
any pair of (aω, bω) to attain the maximum in the recursion. Then for each vertex u incident to v
in the instance Φω, there is a child node θ of ω in T of level r + 1 with label corresponding to the
recursive query. Assign to the edge (ω, θ) the value

κω,θ = cB(A(v,u)) ≤ c.

Now we we define the weight function F on T as F (ϱ) = 1 and

∀ω 6= ϱ, F (ω) =
∏
e

κe
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where the product takes over all edges in the unique path from ϱ to ω. Using the above bound for
κe, we have F (ω) ≤ cr for every node ω at level r. By Proposition 4.3, it holds that

diamH(PR(Φ, v)) ≤
∑

ω∈T at level R

F (ω)
∑

u is a neighbor of vω in Φω

∆B(A(vω ,u))

+ 2ξP

R−1∑
r=0

∑
ω∈T at level r

F (ω) degGω
(vω).

On the other hand, observe that there is an one-to-one correspondence between nodes in T to
all self-avoiding walks from v. That is to say, a node ω ∈ T at level r corresponds to a unique
self-avoiding walk from v of length r. Therefore,∑

ω∈T at level R

F (ω)
∑

u is a neighbor of vω in Φω

∆B(A(vω ,u)) ≤ ∆ · cR|SAWG(v,R+ 1)|

≤ ∆ · cRSR+1(G)

≤ KnαD∆(D · c)R

= KnαD∆ρR

and

2ξP

R−1∑
r=0

∑
ω∈T at level r

F (ω) degGω
(vω) ≤ 2ξP

R−1∑
r=0

cr|SAWG(v, r + 1)|

≤ 2ξP

R−1∑
r=0

cr ·KnαDr+1

≤ 2KnαDξP

∞∑
r=0

(D · c)r

= KnαD · 2ξP
1− ρ

.

Combining all things together, we conclude (4.5).
For the second argument, substitute the choice of R and P in (4.5) and we obtain it. □

4.2. Approximation scheme to the partition function. Now we are ready to show Theo-
rem 1.3.

Proof of Theorem 1.3. For a fixed assignment σ : V → [q], pin vertices in a fixed order v1, . . . , vn.
Let pj be the true probability of σ(vj) and Φ(j) be the j-th derived instance. Then

ZG(λ,A) = w(σ)

n∏
j=1

p−1
j .

Set ε′ = ε/(32n) and choose R = Rε′ , P = Pε′ as (4.6). For every j = 1, . . . , n, construct the
polytope PR(Φ

(j), vj). Pick p̂j to minimize the value of entry σ(vj) in PR(Φ
(j), vj). By Fact 4.2

and Corollary 4.4, it holds that
∀j = 1, . . . , n, e−ε/(32n) ≤ p̂j/pj ≤ 1.

Write Ẑ = w(σ)
∏n

j=1 p̂
−1
j . We know that 1 ≤ Ẑ/ZG(λ,A) ≤ eε/32 ≤ 1 + ε.

Now we consider the bit complexity. When R ≥ n, it must hold that ε = e−Ω(n). Then we exactly
compute ZG(λ,A) by brute force enumerating all assignments and the bit complexity is bounded
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by desired number. Otherwise, note that R = OK,α,D,c(ln(n/ε)) and P = OK,α,D,c(ln(n/ε)). The
number of polytopes is at most

O

(
n

R∑
r=0

q2rSr(G)

)
= O

(
Knα+1(R+ 1)(q2D)R

)
≤ (n/ε)C1(q,K,α,D,c).

By Theorem 2.3 and Fact 4.2, for every polytope, it can be encoded by O(q3(|Φ|+ n ln(n/ε))) bits
and takes at most O(q20(|Φ| + n ln(n/ε))3) bit operations to solve induced LFPs. Therefore, the
total bit complexity is at most

O
(
(n/ε)C1(q,K,α,D,c) · q20(|Φ|+ n ln(n/ε))3

)
≤
(
n+ |Φ|+ bit(ε)

ε

)C

for some constant C > 0 depending only on q,K, α,D and c. □
Proof of Corollary 1.4. It is a direct result of Theorem 1.3 when Ae = A for every e ∈ E where
A(i, i) = β and A(i, j) = 1 for i 6= j. □

5. Proper Colorings on Sparse Random Graphs

In this section, we prove Theorem 1.6. Fix η ∈ (0, 1). Throughout this section, d ≥ d0(η) and the
integer q ≥ (2 + η)d are fixed, where d0(η) is supplied by Lemma B.1. All asymptotic statements
are for n→∞ with η, d, q fixed.

We first construct the marginal recursion on permissive blocks and bound the Hilbert diameter
of the resulting polytopes. We then establish random graph estimates that control both the accu-
mulated error and the total cost of the recursion. The degree thresholds and auxiliary parameters
are introduced where they enter the analysis.

5.1. List-coloring instances and permissive blocks. As mentioned in Section 2.3, proper q-
coloring model is not self-reducible. Instead, we consider the list-coloring instances as [Yin14, YZ16].

A list-coloring instance Φ consists of an underlying graph GΦ and color lists LΦ such that
LΦ(v) ⊆ [q] collects feasible colors on v. An assignment σ : V (GΦ)→ [q] is a proper list-coloring in
Φ if and only if it is a proper q-coloring and for every vertex v ∈ V (GΦ), σ(v) ∈ LΦ(v). Let Ω(Φ)
be the collection of all proper list-colorings in Φ and set Z(Φ) = |Ω(Φ)|. With abuse of notation,
for a vertex subset S ⊆ GΦ, we use ΩB to denote all proper partial list-coloring on B3.

Throughout the construction, G = (V,E) denotes the original graph. Define
(5.1) X := {v ∈ V | degG(v) ≥ q − 1} .
This set is used to construct permissive blocks. It remains fixed when vertices are removed or colors
are deleted from the lists.

Then we introduce the following marginal upper bound for v /∈ X which has been established in
[Yin14].

Lemma 5.1 ([Yin14]). For a feasible list-coloring instance Φ and every v such that |LΦ(v)| >
degGΦ

(v), it holds that

∀c ∈ LΦ(v), µΦ(v ← c) ≤ 1

|LΦ(v)| − degGΦ
(v)

.

For brevity, set
∀v /∈ X, sv := q − degG(v), κv :=

1

q − degG(v)− 1

where G is the original graph.
3A proper partial list-coloring on B here is not necessarily able to extend a proper list-coloring in Φ.
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Now we introduce the concept of permissive blocks in [Yin14, YZ16]. Given a list-coloring instance
Φ, we say a connected vertex subset B ⊆ V (GΦ) is a permissive block for every (ui, vi) ∈ ∂EB,
|LΦ(vi)| > degGΦ

(vi) + 1. It is direct to see that a permissive block B preserves permissiveness
under pinning feasible partial colorings.

We state here the following property of permissive blocks.

Proposition 5.2. For a feasible list-coloring instance Φ and a permissive block B ⊆ V (GΦ), every
partial proper list-coloring on B extends to a proper list-coloring in Φ. Furthermore, for every
proper list-coloring σ on B, it holds that

µΦ(B ← σ) ≥ bB := 2−|∂EB|q−|B|.

Proof. The feasibility of a feasible partial coloring on B directly comes from [Yin14, Lemma 3.4].
For the marginal lower bound, fix a feasible partial coloring σ on B. Construct intermediate
instances Ψ0, . . . ,Ψ|∂EB| as: Ψ0 is the instance derived by removing B from GΦ, LΦ(v) from color
lists for every v ∈ B and keeping all remaining color lists unchanged; for every j = 1, . . . , |∂EB|,
generate Ψj from Ψj−1 by removing σ(uj) from the color list on vj . For any intermediate instance
Ψ, suppose that we need to delete color c from the list of v to obtain the instance Ψ′. Since B is a
permissive block, by Lemma 5.1,

µΨ(v ← c) ≤ 1

2
.

Therefore,
Z(Ψ′) = Z(Ψ)− |{σ is a proper list-coloring in Ψ : σ(v) = c}|

= Z(Ψ)− µΨ(v ← c) · Z(Ψ)

≥ Z(Ψ)/2.

Observe that Z(Φ) ≤ |ΩB| · Z(Ψ0) and Z(Ψ∂EB) = Z(Φ | B ← σ). Therefore,

Z(Φ | B ← σ) ≥ 2−|∂EB| · Z(Ψ0) ≥ 2−|∂EB|q−|B|Z(Φ).

Then we conclude the marginal lower bound. □

For every σ, τ ∈ ΩB and i = 1, . . . ,m := |∂EB|, define the intermediate instance Φi,σ,τ be the
instance derived from Φ by:

• the underlying graph is the induced subgraph of GΦ by V (GΦ) \B;
• the color lists are obtained by deleting σ(uj) from LΦ(vj) for j = 1, . . . , i−1, deleting τ(uj)

from LΦ(vj) for j = i+ 1, . . . ,m and keeping unchanged for other lists.
Then we have the following recursion of probability ratios.

Lemma 5.3 ([Yin14]). For every σ, τ ∈ ΩB, it holds that

µΦ(B ← σ)

µΦ(B ← τ)
=

m∏
i=1

1− µΦi,σ,τ (vi ← σ(ui))

1− µΦi,σ,τ (vi ← τ(ui))
.(5.2)

We mention here that by Lemma 5.1, it is clear that every denominator in the right side of (5.2)
is at least 1/2. Also, by [Yin14], for every intermediate list-coloring instance Φ generated from
pinning a feasible partial coloring on a vertex subset in G, it holds that Φ is feasible and

|LΦ(v)| ≥ q − (degG(v)− degGΦ
(v)).(5.3)

Thus by Lemma 5.12, for v ∈ V (GΦ) \X, |LΦ(v)| − degGΦ
(v) ≥ sv and the marginal upper bound

is at most 1/sv. Also it is trivial to see that Proposition 5.2 and Lemma 5.3 hold for Φ.
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5.2. Rational polytope for list-coloring instances. Denote by C(H, v) the maximal connected
component containing v in H. For every v ∈ V (GΦ), we define the permissive block of v in Φ as

BΦ(v) =

{
C(G[X], v) ∩ V (GΦ), v ∈ X

{v} ∪ (
⋃

C∼v(C ∩ V (GΦ))), v /∈ X
(5.4)

where C ∼ v enumerates all connected components in G[X] containing a neighbor of v in GΦ. It
is clear that BΦ(v) is connected in GΦ. Given a q-coloring instance Φ0 on a graph G, we call
a list-coloring instance Φ accessible if it can be obtained by repeatedly applying the recursion in
Lemma 5.3, starting from an instance obtained by pinning a feasible partial coloring of Φ0. Now
we show how to construct the rational polytope Pt(Φ, B) with an accessible list-coloring instance
Φ = (G,LΦ), a permissive block B of Φ and a depth t.

Definition 5.4 (Rational polytope for list colorings). The variables of Pt(Φ, B) is (zσ)σ∈ΩB
. When

∂EB = ∅, Pt(Φ, B) is the exact uniform polytope

∀σ ∈ ΩB, zσ =
1

|ΩB|
.

When ∂EB 6= ∅, list ∂EB in order (u1, v1), . . . , (um, vm). The polytope Pt(Φ, B) at first contains:
• Marginal lower bound.

∀σ ∈ ΩB, zσ ≥ bB = 2−mq−|B|.(5.5)
• Normalization. ∑

σ∈ΩB

zσ = 1.(5.6)

• Marginal upper bound.

∀v ∈ B \X, c ∈ LΦ(v),
∑

σ∈ΩB :σ(v)=c

zσ ≤
1

sv
.(5.7)

We separate cases based on the value of the depth t.
• t = 0. For every distinct partial colorings σ, τ ∈ ΩB, the polytope contains

2−mzτ ≤ zσ ≤ 2mzτ .(5.8)
• t > 0. For every distinct partial colorings σ, τ ∈ ΩB and i = 1, . . . ,m, construct an instance
Φi = Φi,σ,τ . Recursively obtain the polytope Pi = Pt−1(Φi, BΦi(vi)). For a probability
vector y ∈Pi, we define

pc(y) :=
∑

π:π(vi)=c

yπ

with pc(y) = 0 if c is absent. Solve the following two LFPs:

ℓ∗i,σ,τ := min
y∈Pi

1− pσ(ui)(y)

1− pτ(ui)(y)
, u∗i,σ,τ := max

y∈Pi

1− pσ(ui)(y)

1− pτ(ui)(y)
.

and set ℓi,σ,τ = round−P (ℓ
∗
i,σ,τ ), ui,σ,τ = round+P (u

∗
i,σ,τ ). Setting Lt

σ,τ =
∏m

i=1 ℓi,σ,τ and U t
σ,τ =∏m

i=1 ui,σ,τ , the polytope then contains
Lt
σ,τ · zτ ≤ zσ ≤ U t

σ,τ · zτ .(5.9)

Fact 5.5 (Well-definedness and soundness). At every depth the recursive construction is well-
defined, the true marginal vector on B belongs to Pt(Φ, B) and the bit complexity to encode
Pt(Φ, B) is at most O(q4|B| · (|B|+ |∂EB| · P )).
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Proof. The proof is similar to Fact 4.2. When the polytope contains only an exact point (the case
∂EB = ∅), the fact is trivial. Otherwise, at depth 0, it is direct to see the true marginal vector pB
on B satisfies constraints (5.5), (5.6) and (5.7). By Lemma 5.3, it is easy to verify pB satisfies (5.8)
since every denominator is at least 1/2 and every enumerator is at most 1. The bit complexity
to encode P0(Φ, B) is at most O(q4|B|(|B| + |∂EB|)) since we have q|B| variables and O(q2|B|)

constraints with each constraint encoded with at most O(q2|B|(|B|+ |∂EB|)) bits.
Suppose that the assertion holds through depth t − 1. It is trivial to see the true marginal

vector pB satisfies (5.5), (5.6) and (5.7). By induction and Lemma 5.3, it is not hard to see pB
also satisfies the constraint (5.9) even after applying rounding oracles. Therefore we conclude that
pB ∈ Pt(Φ, B). To compute the number of bits to encode Pt(Φ, B), note that we have q|B|

variables and O(q2|B|) linear constraints. For a constraint (5.9), note that for each i = 1, . . . ,m, it
holds that

1

2
≤ ℓ∗i,σ,τ ≤ u∗i,σ,τ ≤ 2.

Hence, it takes O(P ) bits to encode the rounded rational number ℓi,σ,τ , ui,σ,τ and thus O(|∂EB| ·
P ) bits to encode Lt

σ,τ and U t
σ,τ . Therefore, the bit complexity to encode Pt(Φ, B) is at most

O(q4|B|(|B|+ |∂EB| · P )). □

Recall that in Section 4, for an admissible rational polytope P, we use the Hilbert distance to
denote the diameter of P:

diamH(P) = max
x,y∈P

dH(x, y).

The following lemma for the contraction of Hilbert distance is the key ingredient which is implicitly
stated in [GK12, GKM15, Yin14].

Lemma 5.6. For two positive probability vectors p, p′ supported on a same space Ω such that every
coordinate of both is at most 1/s for s ≥ 2, then∣∣∣∣ln 1− pa

1− p′a
− ln

1− pb
1− p′b

∣∣∣∣ ≤ dH(p, p′)

s− 1
.

A clear proof of Lemma 5.6 is included in Appendix A for completeness. With Lemma 5.6, the
following recursion controls the accuracy of Pt(Φ, B) by its child polytopes.

Proposition 5.7. Fix an admissible feasible query (Φ, B, t). When ∂EB = ∅, diamH(Pt(Φ, B)) =
0. Otherwise, list ∂EB in a fixed order (u1, v1), . . . , (um, vm). It holds that

diamH(Pt(Φ, B)) ≤

{
2m ln 2, t = 0

maxσ,τ∈ΩB

∑m
i=1

(
κvi · diamH(Pt−1(Φi,σ,τ , BΦi,σ,τ (vi))) + 2ξP

)
, t > 0

.

Proof. When ∂EB = ∅, the rational polytope Pt(Φ, B) contains exactly one feasible point repre-
senting the uniform distribution on ΩB. Therefore, diamH(Pt(Φ, B)) = 0.

Suppose that ∂EB = {(u1, v1), . . . , (um, vm)} for some m ≥ 1. For t = 0, by (5.8), for every
σ, τ ∈ ΩB,

−m ln 2 ≤ ln
zσ
zτ
≤ m ln 2.

Thus diamH(P0(Φ, B)) ≤ 2m ln 2.
At positive depth t > 0, fix a pair of σ, τ ∈ ΩB. For i = 1, . . . ,m, consider the child rational

polytope Pi = Pt−1(Φi,σ,τ , BΦi,σ,τ (vi)). Since vi /∈ X by the permissiveness of B, for every y ∈Pi,
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by (5.7),

pc(y) ≤
1

svi
.

Hence by Lemma 5.6, for every y, y′ ∈Pi,∣∣∣∣ln 1− pσ(ui)(y)

1− pτ(ui)(y)
− ln

1− pσ(ui)(y
′)

1− pτ(ui)(y
′)

∣∣∣∣ ≤ dH(p(y), p(y′))

svi − 1
≤ κvidH(y, y′)

where the last inequality holds since p(·) is a weighted average operator. Together with the rounding
accuracy (2.2),

ln
U t
σ,τ

Lt
σ,τ

≤
m∑
i=1

(κvidiamH(Pi) + 2ξP ).

Thus a similar argument to the proof of Proposition 4.3 shows that

diamH(Pt(Φ, B)) ≤ max
σ,τ∈ΩB

ln
U t
σ,τ

Lt
σ,τ

,

which concludes the proposition. □

5.3. Random graph properties. The random graph estimates below serve two purposes. De-
cay of weighted self-avoiding walks controls the accumulated truncation error, while bounds on
exceptional components and weighted block walks control the block sizes and the total recursive
cost.

To choose a degree cutoff D, we balance the rarity of vertices above the cutoff against contraction
below it. For a vertex of degree at most D, the contraction coefficient κv is at most 1/(q −D − 1).
Ignoring integer rounding and additive constants, the two requirements are

D > d and d

q −D
< 1,

or equivalently d < D < q− d. This balance explains the role of q > 2d in the present analysis. We
choose

(5.10) D :=

⌊
d+ q

3

⌋
, γ :=

1

q −D − 1
,

and define the exceptional set for the probabilistic estimates by

(5.11) HD := {v ∈ V | degG(v) > D} .

For the degree tail estimates, write

h(x) := (1 + x) ln(1 + x)− x (x > 0),

and set

(5.12)
δ :=

q/d− 2

6
, r := e−dh(δ),

λ0 :=
3 + η/2

3 + η
, ρ :=

1 + λ0

2
.

Here r bounds the conditional probability that a vertex is exceptional when at most three incident
edges have been prescribed. The constants λ0 and ρ are the decay rates used in the expectation
and high-probability bounds, respectively.
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By Lemma B.1, these parameters satisfy

D − 3 > (1 + δ)d, D < q − 1,(5.13)
d(γ +

√
r) ≤ λ0 < ρ < 1,(5.14)

edr1/4 ≤ 1

4
.(5.15)

The first estimate leaves room for up to three prescribed incident edges in the degree tail bounds.
The second yields decay of path weights, and the third controls the sizes of exceptional components.
In particular, X ⊆ HD. The set X determines the permissive blocks, whereas HD is used to bound
their sizes and to control the propagation of error.

5.3.1. Path weights. For a graph G, we define the weight function w : V (G)→ R as

∀v ∈ V (G), w(v) =

{
γ degG(v) ≤ D

1 degG(v) > D
.

For ℓ ≥ 1, define

Wℓ(G) :=
∑

v0,...,vℓ

ℓ∏
i=1

w(vi)

where the sum takes over all simple paths of length ℓ in G. We have the following exponential
decay of Wℓ(G) with high probability over the random graph G.

Lemma 5.8. For every positive integer n ≥ 2 + 12/η, it holds that

PG∼G(n,d/n)

(
∃ℓ < n : Wℓ > n6ρℓ

)
≤ n−4.

Proof. Fix ℓ ≥ 1 and a simple path P = v0, . . . , vℓ of length ℓ. Conditional on the event EP =
{P is a simple path in G}, for every v ∈ V , write degG(v) = fv + Xv where fv = 1 if v = v0 or
v = vℓ, fv = 2 if v ∈ {v1, . . . , vℓ−1} and fv = 0 otherwise. Note that Xv is a random variable
dominated by a binomial random variable Y ∼ Bin(n, d/n). For the event degG(v) > D, it must
hold that

Xv = degG(v)− fv > D − 2 > (1 + δ)d

where the last inequality follows from (5.13). Therefore by the Chernoff bound,

P (v ∈ HD | EP ) ≤ P (Y ≥ (1 + δ)d) ≤ e−dh(δ) = r.

Now we turn to the random variables {1 [v ∈ HD]}v∈V . Observe that, in spite of dependence, the
random variables depend on independent random variables {1 [(u, v) ∈ E]}

(u,v)∈(V
2
). By Finner’s

generalized Hölder inequality for a read-two family,

E

[∏
v∈S

1 [v ∈ HD]

]
≤
∏
v∈S

E
[
1 [v ∈ HD]

2
]1/2
≤ r|S|/2

21



Since w(v) ≤ γ + 1 [v ∈ HD],

E

[
ℓ∏

i=1

w(vi)

∣∣∣∣∣ EP
]
≤
∑
S⊆[ℓ]

γℓ−|S|P (∀i ∈ S, vi ∈ HD | EP )

≤
ℓ∑

i=0

(
ℓ

i

)
γℓ−iri/2

≤ (γ +
√
r)ℓ.

By the law of total expectation and (5.14),

E [Wℓ(G)] ≤ ndℓ(γ +
√
r)ℓ ≤ nλℓ

0.

Then by the Markov inequality and the union bound,

P
(
∃ℓ < n,Wℓ(G) > n6ρℓ

)
≤ n · n−6 λ0/ρ

1− λ0/ρ
≤ n−4

for every n ≥ λ0
ρ−λ0

= 2 + 12/η. □

5.3.2. Exceptional component size and incident volume. For the induced subgraph G[HD], we first
consider the size of each component in it.

Lemma 5.9. With probability at least 1 − 1
2n

−4 over G ∼ G(n, d/n), every connected component
in G[HD] has size at most 4 lnn.

Proof. For a component C of G[HD] of size t, take a spanning tree T of C. Conditional on T in G,
at least half of V (T ) has tree degree at most 3. For each of these vertices, (5.13) gives the same
conditional degree tail bound r. Applying the conditional read-two inequality as in the proof of
Lemma 5.8 gives

P (T ⊆ HD | T in G) ≤ rt/4.

Then by the union bound and the Cayley’s formula,

P (∃a component C in HD of size ≥ t) ≤
(
n

t

)
tt−2

(
d

n

)t−1

rt/4

≤ etnt

tt
tt−2 · d

t−1

nt−1
· rt/4

≤ n

d

(
edr1/4

)t
.

Using (5.15) and taking t = d4 lnne gives the claimed failure probability. □

The second result is about the incident volume of a component in G[HD].

Lemma 5.10. Assume the event of Lemma 5.9. With probability at least 1 − 1
2n

−4, for every
component C in G[HD], ∑

v∈C
degG(v) ≤ Cvol lnn

where Cd = 2 + d(e− 1) + d(e2 − 1)/4 and Cvol = 4Cd + 4 ln d+ 14.
22



Proof. Fix a vertex subset S of size t and let T be a tree on S. Define a random variable YS :=∑
v∈S degG(v) Conditional on the event ET that T is in G, it holds that

YS = 2(t− 1) +
∑

e∈S×(V \S)

Xe + 2
∑

e∈(S
2
)\E(T )

Xe

where {Xe = 1 [e ∈ E(G)]}
e∈(V

2
) are independent identical binomial random variables with rate

p = d/n. For every t ≤ n/2,

E
[
eYS

∣∣ ET ] = e2(t−1) · (1 + p(e− 1))t(n−t) · (1 + p(e2 − 1))(
t
2
)−(t−1)

≤ exp

(
2(t− 1) + p(e− 1)t(n− t) + p(e2 − 1)

((
t

2

)
− (t− 1)

))
≤ exp

(
2t+ t · d(e− 1) + t · d(e2 − 1)/4

)
= eCd·t.

Conditional on Lemma 5.9, by the Markov inequality and the union bound,

P (∃a component C in G[HD] of size t, YC ≥ Cvol lnn) ≤
(
n

t

)
tt−2

(
d

n

)t−1

eCdt−Cvol lnn.

The crude inequality
(
n
t

)
≤ (en/t)t gives that this failure probability is at most

etnt

tt
tt−2 d

t−1

nt−1
eCdt−Cvol lnn ≤ n

d
e−Cvol lnn

(
deCd+1

)t
.

Therefore,

P (∃a maximal component C in G[HD], YC ≥ Cvol lnn) ≤
n

d
· e−Cvol lnn

4 lnn∑
t=1

(
deCd+1

)t
≤ n

d
· e−Cvol lnn(4 lnn)

(
deCd+1

)4 lnn

≤ n−5.

Thus we conclude the lemma. □

5.3.3. Permissive block walks. We next bound the total weight of permissive block walks. The fixed
exponent K below absorbs the color-pair choices and the local optimization cost associated with
each block; see (5.19). Set

(5.16) K := 200, J := (q − 1) ln 2− d, y := 4dqKe−J/2.

By Lemma B.1,

(5.17) ey ≤ 1

4
.

This estimate controls the sum over additional vertices in the witness enumeration below.
For an instance Φ on G, a permissive block walk of length ℓ is a sequence of permissive blocks

generated by the following process. Choose a root vertex v0 /∈ X and set B0 = BΦ0(v0) where
Φ0 = Φ. At step j ≥ 0 to generate Bj+1, let Φj+1 be the instance generated by removing Bj from
Φj . Choose an edge (u, v) ∈ ∂EBj , set the next root vj+1 = v and let Bj+1 = BΦj+1(vj+1). Thus
the blocks are disjoint and we record the blocks, roots and transition edges for a block walk. The
weight of this block walk is defined by qK

∑ℓ
j=0|Bj | and the sum of total weights of all block walks

of length ℓ is denoted by Wℓ(G).
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Lemma 5.11. For all sufficiently large positive integer n, with probability at least 1 − n−4 over
G ∼ G(n, d/n), for every 0 ≤ ℓ < n,

Wℓ(G) ≤ n7
(
4dqKe2y

)ℓ
.

Proof. At first, we define the witness of a permissive block walk. For a permissive block walk
B0, . . . , Bℓ of length ℓ with roots v0, . . . , vℓ, assume that the union of it contains t vertices in X
and set tj = |Bj ∩X|. The witness is defined as: for every j = 0, . . . , ℓ,

• pick a spanning tree every connected component in Bj ∩X;
• for every spanning tree in Bj ∩X, pick an edge connecting vj and it.

Note that the witness has exactly t edges.
For every j < ℓ, there are at most tj + 1 possible transitions between Bj and vj+1. Hence there

are at most
∏ℓ−1

j=0(tj + 1) ≤ 2t possible recorded transitions. Meanwhile, by the Cayley’s formula,
for a fixed collection containing ℓ+1 roots and additional t vertices in blocks, the number of witness
is at most

(ℓ+ 1)(ℓ+ 1 + t)t−1.

Then for every t = 0, . . . , n, the total number of witnesses with recorded transitions containing ℓ+1
roots and additional t vertices in blocks is at most

n(n− 1) . . . (n− ℓ)

(
n− ℓ− 1

t

)
(ℓ+ 1)(ℓ+ 1 + t)t−12t ≤ nℓ+1+t

t!
(ℓ+ 1)(ℓ+ 1 + t)t−12t.

Fix a fixed witness with recorded transitions containing ℓ + 1 roots and additional t vertices in
blocks (denoted by W). For a vertex v ∈W such that it is prescribed to be in X, set fv = degW(v).
Conditional on the event EW that W is in G, it holds that

degG(v) = fv + Yv, where Yv ∼ Bin(n− 1− fv, d/n).

By the Markov inequality,

P (v ∈ X | EW) ≤ 2−(q−1−fv)E
[
2Yv
]
≤ e−J+fv ln 2.

Finner’s inequality for a read-two family tells us that

P (All t prescribed vertices are in X | EW) ≤
∏
v

P (v ∈ X | EW)1/2

≤ exp

(
−Jt

2
+

ln 2

2

∑
v

fv

)
≤ e−Jt/22ℓ+t.

since
∑

v fv ≤ 2(ℓ+ t). Therefore,

E [Wℓ(G)] ≤
∑
t≥0

nℓ+1+t

t!
(ℓ+ 1)(ℓ+ 1 + t)t−12t

dℓ+t

nℓ+t
qK(ℓ+1+t)e−Jt/22ℓ+t

= nqK
(
2dqK

)ℓ∑
t≥0

(ℓ+ 1)(ℓ+ 1 + t)t−1

t!

(
4dqKe−J/2

)t
.

To compute the series, we consider the exponential rooted-tree generating function T :

T (x) =
∑
m≥1

mm−1x
m

m!
.
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Then T (x) = xeT (x) and T (x) ∈ (0, 1). By Lagrange inversion [xt]F (u) = 1
t [u

t−1]F ′(u)ϕ(u)t for
u = xϕ(u) with choice ϕ(u) = eu, F (u) = e(ℓ+1)u and u = T (x), it holds that∑

t≥0

(ℓ+ 1)(ℓ+ 1 + t)t−1

t!
xt = e(ℓ+1)T (x).

Hence,

E [Wℓ(G)] ≤ nqK
(
2dqK

)ℓ
e(ℓ+1)T (y).

Consider the fix-point iteration
T0 = 0, ∀k ≥ 1, Tk = yeTk−1 .

Since T1 = y ≥ T0 and x 7→ yex is increasing, by induction it holds that T0 ≤ T1 ≤ T2 ≤ · · · .
For all 0 ≤ x ≤ 2y ≤ (1/2e), it holds that yex ≤ ye2y ≤ 2y. Therefore limk→∞ Tk = T (y) and
0 ≤ Tk ≤ 2y for every k ≥ 0. This means T (y) ≤ 2y. Then by the Markov inequality at the
threshold n7

(
4dqKe2y

)ℓ, as long as n ≥ qKe2y, it holds that

P
(
∃ℓ < n,Wℓ(G) ≥ n7

(
4dqKe2y

)ℓ) ≤ n−1∑
ℓ=0

n2n−7 · 2−ℓ ≤ n−4

concluding the lemma. □

5.4. Approximation scheme to proper colorings. To design our algorithm, we show that
with high probability, the rational polytope Pt(Φ, B) can induce a good approximation to the real
marginal vector µΦ(B ← ·).

Lemma 5.12. On the event of Lemmas 5.8 to 5.10, for every list-coloring instance Φ induced
by pinning components in G[X] from the original q-coloring instance, an unassigned connected
component B in X and every R = 0, . . . , n, it holds that

diamH(PR(Φ, B)) ≤ Cleafn
6 lnn

1− ρ
ρR +

2(q − 1)n6

1− ρ
ξP

where Cleaf = 2 ln 2 · (q − 2) · (1 + Cvol). Moreover, if diamH(PR(Φ, B)) ≤ ε, then for every
z ∈PR(Φ, B) and σ ∈ ΩB, e−εµΦ(B ← σ) ≤ zσ ≤ eεµΦ(B ← σ).

Remark 5.13. We remark here that after X is pinned, the residual instance Φ satisfies that |LΦ(v)|−
degGΦ

(v) ≥ q − degG(v) ≥ 2. Therefore the same accuracy bound in Lemma 5.12 holds for every
admissible feasible list-coloring instance induced by a feasible partial pinning in Φ.

Proof. We only need to consider the non-trivial case. By Proposition 5.7, at depth 0,
diamH(P0(Φ, B)) ≤ 2m ln 2.

Observe that B is either a maximal connected component in G[X] or a union of at most q − 2
connected components in G[X] incident to a vertex v /∈ X. Therefore, by Lemma 5.10,

m ≤ (q − 2) + (q − 2)Cvol lnn ≤ (q − 2) (1 + Cvol) lnn.

Thus diamH(P0(Φ, B)) ≤ Cleaf lnn.
At depth R > 0, we first show that how to encode a recursive branch with a self-avoiding walk.

For a branch
B0 → B1 → . . .→ BR

with root x0, x1, . . . , xR where x0 ∈ B0 is the smallest vertex in B0. Assume that xi is accessed
by ui−1 ∈ Bi−1. Choose a minimal simple path from xi to ui in Bi. Then there is a self-avoiding
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walk P = x0 = v0, . . . , vℓ = xR of length at least R containing x0, x1, . . . , xR with other vertices of
degree > D. Furthermore,

R∏
i=1

κxi ≤
ℓ∏

i=1

w(vi).

Conversely, it can be easily verified that different branches do not use the same self-avoiding walk.
Unfold the recursion in Proposition 5.7. Thus by Lemma 5.8, it holds that

diamH(PR(Φ, B)) ≤ Cleaf lnn

n−1∑
ℓ=R

Wℓ(G) + 2(q − 1)ξP

n−1∑
ℓ=1

Wℓ(G)

≤ Cleafn
6 lnn

∑
ℓ≥R

ρℓ + 2(q − 1)n6 · ξP
∑
ℓ≥1

ρℓ

≤ Cleafn
6 lnn

1− ρ
ρR +

2(q − 1)n6

1− ρ
ξP .

For the approximation to pB(·) = µΦ(B ← ·), note that dH(z, pB) ≤ ε. Then it is not hard to
see −ε ≤ ln(zσ/pB(σ)) ≤ ε and hence e−εµΦ(B ← σ) ≤ zσ ≤ eεµΦ(B ← σ) for every σ ∈ Ω. □

For a rational number θ ∈ (0, 1), set parameters

Rθ =

⌈
ln(4Cleafn

6 lnn/((1− ρ)θ))

ln(1/ρ)

⌉
, Pθ = max

{
3,

⌈
log2

32(q − 1)n6

θ(1− ρ)

⌉}
.(5.18)

Now we are ready to prove Theorem 1.6.

Proof of Theorem 1.6. Assume the joint event of Lemmas 2.4 and 5.8 to 5.11. The event occurs
with probability at least 1− on(1)− 5n−4 = 1− on(1).

Set R = Rε/(32n) and P = Pε/(32n) like (5.18). It is clear to verify that R = O(ln (n/ε)) and
P = O(ln (n/ε)) where the hidden constants depend only on η, d and q. If R ≥ n, it must hold that
ε = e−Ω(n) and we enumerate all qn assignments and check whether it is a proper coloring. This
is a deterministic algorithm to exactly compute the number of proper colorings in poly

(
n, ε−1

)
bit

operations.
Otherwise, using the algorithm in Lemma 2.4, we obtain a proper q-coloring σ of G. The

approximation scheme Aη,d,q runs as following:
(1) initialize Φ = (GΦ = G, (LΦ(v) = [q])v∈V );
(2) process the component of G[X] in a preset order:

(a) for the current component B, construct the rational polytope P = PR(Φ, B) and
record p̂σ(B) = minz∈P zσ(B);

(b) pin B to the partial coloring σ(B) in Φ;
(3) process the remaining vertex of G in a preset order:

(a) for the current vertex v, construct the rational polytope P = PR(Φ, v) and pick
p̂σ(v) = minz∈P zσ(v);

(b) pin v to color σ(v) in Φ;
(4) output the rational product of reciprocals of recorded rational numbers.

We first show the accuracy of the algorithm. Suppose that the instances in the algorithm are
Φ = Φ0, . . . ,ΦM = ∅, the true values of the marginal probabilities are p0, . . . , pM−1 and the
estimations by the algorithm are p̂0, . . . , p̂M−1. Note that all needed analysis holds through the
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running of Aη,d,q. By Lemma 5.12, it holds that e−ε/(16n) ≤ p̂j/pj ≤ 1. Hence

1 ≤
∏M−1

j=0 p̂−1
j

|Ω(G, q)|
=

∏M−1
j=0 p̂−1

j∏M−1
j=0 p−1

j

≤ eε/16 ≤ 1 + ε.

Now we show the bit complexity. For a linear-fractional programming with rounding process in
the recursive construction of rational polytopes, it contains O(q|B|) variables and O(q2|B|) linear
constraints. Using a crude bound for solving the linear-fractional programming, it cost at most

q50|B|(nP )40

bit operations to finish the linear-fractional programming task in one call of a child polytope.
We turn to the total bit complexity to estimate pi. Note that a recursive branch of the computa-

tion is encoded by a starting block B, a block permissive block walk of length at most R and pairs
of partial colorings on blocks. Therefore, the cost to solve all linear-fractional programmings is at
most

q40|B| ·

(∑
v∈B

degG(v)

)
(nP )40 · (nP )40

∑
a permissive block walk

B0,...,Bℓ:ℓ≤R

ℓ∏
j=0

q2|Bj | · q50|Bj |.(5.19)

By Lemmas 5.9 to 5.11, |B| is of size at most 4 lnn and there are at most Cvol lnn roots to start
permissive block walks. Hence by the choice of R and P , the bit complexity to estimate a marginal
is at most

O

(
n40 ln q+K·Cvol(nP )80

R∑
ℓ=0

Wℓ(G)

)
=

(
n+ bit(ε)

ε

)C

where C depends only on η, d and q. Then we conclude the desired bit complexity of Aη,d,q □
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Appendix A. Proof of Contractions

A.1. Birkhoff contraction of Hilbert distance. Now we show Lemma 2.2. By Lemma 2.1, for
two distinct probability vectors p, q,

‖p− q‖TV ≤ tanh(δ/4)

where δ = dH(p, q). Define rk = p(k) − q(k). For any real vector h, set m = mink hk and
M = maxk hk. It holds that

∑
rk>0 rk = −

∑
rk<0 rk = ‖p− q‖TV. Therefore,∑

k

rkhk ≤M
∑
rk>0

rk +m
∑
rk<0

rk = (M −m)‖p− q‖TV.(A.1)

Since (A.1) also holds for −h, it holds that∣∣∣∣∣∑
k

(p(k)− q(k))hk

∣∣∣∣∣ ≤ tanh (δ/4)

(
max
k

hk −min
k

hk

)
.(A.2)

Set hk = ln(x(k)/y(k)) and z(t)k = y(k)ethk . For every a, define

Fa(t) = ln(Az(t))a, pa,t(k) =
A(a, k)z(t)k
(Az(t))a

.

It holds that pa,t is a positive probability vector and F ′
a(t) =

∑
k p

a,t(k)hk. Note that for a, b,
maxi p

a,t(i)/pb,t(i)

minj pa,t(j)/pb,t(j)
= max

i,j

A(a, i)A(b, j)

A(a, j)A(b, i)
≤ e∆B(A).

Then applying (A.2) to pa,t and pb,t and integrating from 0 to 1, it holds that

|(Fa(1)− Fa(0))− (Fb(1)− Fb(0))| ≤
∫ 1

0

∣∣F ′
a(t)− F ′

b(t)
∣∣ dt

≤ tanh(∆B(A)/4)

(
max
k

hk −min
k

hk

)
= cB(A)dH(x, y).
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Observe that Fa(1)− Fa(0) = ln (Ax)a
(Ay)a

. Thus we conclude the lemma.

A.2. Contraction of Hilbert distance for list colorings. In this part, we prove Lemma 5.6.
When p = p′, the upper bound is trivial.

Assume that p 6= p′. Let p(t) = (1 − t)p′ + tp for t ∈ [0, 1]. It holds that p(t) is a positive
probability vector on Ω and for every c ∈ Ω, pc(t) ≤ 1/s. Let dc = pc − p′c and xc(t) = dc/pc(t).
Then it holds that

∑
c pc(t)xc(t) = 0 and therefore minc xc(t) ≤ 0 ≤ maxc xc(t). Let

Da,b(t) :=
d

dt

(
ln

1− pa(t)

1− pb(t)

)
= − pa(t)

1− pa(t)
xa(t) +

pb(t)

1− pb(t)
xb(t).

Put m(t) = minc xc(t) and M(t) = maxc xc(t). Moreover, set

α =
pa(t)

1− pa(t)
, β =

pb(t)

1− pb(t)
.

It is clear that α, β ∈ [0, 1/(s− 1)] and therefore αxa(t), βxb(t) ∈ [m(t)/(s− 1),M(t)/(s− 1)] since
m(t) ≤ 0 ≤M(t). Then for every a, b ∈ Ω and t ∈ [0, 1],

|Da,b(t)| ≤
M(t)−m(t)

s− 1
.

Write Rc := pc/p
′
c for every c ∈ Ω. It holds that

xc(t) =
dc

pc(t)
=

pc − p′c
(1− t)p′c + tpc

=
Rc − 1

tRc + (1− t)
.

With the observation that xc(t) is increasing with Rc, we have∣∣∣∣ln 1− pa
1− p′a

− ln
1− pb
1− p′b

∣∣∣∣ ≤ 1

s− 1

∫ 1

0
(M(t)−m(t)) dt

=
1

s− 1

∫ 1

0

(
maxcRc − 1

tmaxcRc + (1− t)
− mincRc − 1

tmincRc + (1− t)

)
dt

=
1

s− 1

(
lnmax

c
Rc − lnmin

c
Rc

)
=

dH(p, p′)

s− 1
.

where the last equality comes directly from the definition of dH(·, ·).

Appendix B. Parameter Choices for Random Graph Colorings

We verify that all parameter estimates used in Section 5 hold for a common threshold d0(η),
uniformly over q ≥ (2 + η)d.

Lemma B.1 (Parameter choice). For every fixed η ∈ (0, 1), there exists d0 = d0(η) ≥ 8 such that,
for every d ≥ d0 and every integer q ≥ (2+η)d, the parameters defined in (5.10), (5.12), and (5.16)
satisfy (5.13), (5.14), (5.15), and (5.17).
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Proof. Recall that K = 200 is an absolute constant. Set jη = (2 + η) ln 2 − 1 > 0. Choose d0 ≥ 8
so that, for every d ≥ d0,

(B.1)

ηd ≥ 24,

de−dh(η/6)/2 ≤ η

2(3 + η)
,

4ede−dh(η/6)/4 ≤ 1,

d ≥ 2K

(2 + η) ln 2
,

jηd− ln 2 ≥ 2 ln(16e) + 2(K + 1) ln d+ 2K ln(2 + η).

Such a choice exists because h(η/6) > 0 and jη > 0: the exponential terms dominate the polynomial
factors, and the linear term in the last inequality dominates ln d. All these conditions depend only
on η and the fixed constant K.

First, δ ≥ η/6 and δd ≥ 4. Since (d+ q)/3 = (1 + 2δ)d, we have
D − 3 > (1 + 2δ)d− 4 ≥ (1 + δ)d.

Moreover,
q −D − 1 ≥ 2q − d

3
− 1 ≥ (3 + 2η)d

3
− 1 ≥ (3 + η)d

3
.

In particular, D < q − 1 and
dγ ≤ 3

3 + η
.

This proves (5.13).
Next, h′(x) = ln(1 + x) > 0 for x > 0, so r ≤ e−dh(η/6). Consequently,

d(γ +
√
r) ≤ 3

3 + η
+

η

2(3 + η)
= λ0 < ρ < 1,

and
edr1/4 ≤ ede−dh(η/6)/4 ≤ 1

4
.

These are (5.14) and (5.15).
Finally, put q0 = (2+η)d. By (B.1), q0 ≥ 2K/ln 2. The function u 7→ uKe−u ln 2/2 is nonincreasing

for u ≥ q0, since its logarithmic derivative is K/u− ln 2/2 ≤ 0. It follows that
ey = 4ed e(d+ln 2)/2qKe−q ln 2/2

≤ 4ed ((2 + η)d)Ke−(jηd−ln 2)/2

≤ 1

4
,

where the last step uses the final inequality in (B.1). This proves (5.17) with a threshold d0
independent of q. □
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