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Lecture 4 — Mirror Descent

Lecturer: Yunwei Ren Scribed by Zhidan Li
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1 Overview

In this lecture, we introduce a more general and efficient method of gradient descent. We firstly
give an alternative view of the gradient descent, and generalize the mirror descent.

Additionally, we might assume all functions are C'! for convenience.

2 An Alternative View of Gradient Descent

Now we turn back to the gradient descent. Consider the optimization problem

min f(x).

z€RI
Recall that the form of every update is
Try1 = Tk — NV f(2k).

This can be viewed as the local linear approximation around z;. Then we observe that the update
rule is exactly a solution to some optimization problem.

Observation 1. The update rule of gradient descent
Try1 = vk — NV f(2)

18 equivalent to

i 1
s = arguin { f(ax) + (V1)1 + 5o — ).
rER n



Proof. Let x, = argmin,cpa {f(mk) + (Vf(zk),x — xp) + ﬁHx - mkHQ} Then by direct calcula-
tion,

. 1
Ty = argmin {f(xk) +(Vf(xr),x —ap) + ?Hx - iUkHQ}
R4 n

= argmin{(Vf(wk),x> + 177||JJ — xk]2} .

z€R4

Then, we know
1
Vf(xg)+ 5(:1:* —x5) =0.
Rearranging terms we prove the observation. O

Now we put our eyes on the term

. 1
argmin {(Vf(xk),a: — k) + 2—Hm - $k||2}
zeR? n

We can see, the term (V f(x),x — x)) is the global linear approximation, and we name the left
term %Hx — x||? the regularization.

Remark 1. The introduction of the regularization is to make the hard constraint ‘z is around xy’
a soft one.

2.1 Bregman divergence

Observe that, the regularization is not necessarily fo-norm. Now we replace the fo-norm with
Bregman divergence, to establish the method of mirror descent.

Definition 2. Let g : RY — R be a C' convex function. We define its Bregman divergence
Dy:RYExRY— R as

Dy(z,y) = g(z) — g(y) — (Vg(y),z —y) .

/ =g +dW)t

Figure 1: an example on R?

Remark 2. The Bregman divergence has the following properties.

e Since g is convex, Dy(z,y) > 0 for all x,y € R%



For all z € R, D,y(x,x) = 0.

If g is strictly convex, Dy(x,y) > 0 for all  # y.

Dgy(x,y) is convex on z.

In general Bregman divergence is not symmetric.

Examples:
e When g(z) = %HxHQ, its Bregman divergence is Dy(x) = %Hx”z

o Letz € A, 2 {xeR": 3" jx;=1AVie[n],z; >0} When g(z) =Y i, ziloga;, x € Ay,
its Bregman divergence is

n
o
Dy(z,y) = Za:z log y—z
i=1 !

This kind of divergence is also called Kullback-Leibler divergence (KL divergence for
short) or relative entropy.

3 Mirror Descent

Similarly to gradient descent, we establish the art of mirror descent. We introduce the update rule
of mirror descent as

. 1
Tp41 = argmin {(Vf(xk),x> + Dg(x,xk)} .
TER? n

Since the function z — (V f(zx), x) + %Dg(:n, xy) is convex, consider its gradient:

1
Vi(zr) + p (Vg(zks1) — V() = 0.
Rearranging terms we obtain

Vg(zri1) = Vg(zr) — nV f(xk).

Then

Thy1 = Vg (Vg(xy) —nV f(zx))-
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Figure 2: one step of update in mirror descent. The update can viewed as a step of update of
gradient descent in its dual space generated by z +— Vg(z).

3.1 Convex conjugate

Note that, to implement mirror descent, we need to show the Vg~—! can be computed efficiently.
We introduce the convex conjugate to compute it.

Definition 3 (convex conjugate). Let f : RY — R U {oo} be a convexr function. We define its
convex conjugate f*: R? — R U {oo} as

f*(w) = sup {(u,z) — f(2)}.

z€RA
Note that f* is always convex.

Recall that, the convex function is equivalent to (or, can be expressed by) its supporting affine

function. For u € R?, we write h,;(z) = (u,z) + b. Consider the ‘highest’ supporting affine
function generated by u. Let

b*(u) =sup{beR: f(z) > (u,x) + b}.
It is not easy to show b*(u) = —

f*(u), and by definition the affine function Ay, y«(, is the ‘highest’
supporting affine function of f.

Examples:

e When f(x) = ax + b, we compute that

[ (u) = sup {ux — f(z)} = iﬁﬁ{(“_m b= {—b u = a,

z€R 00 U F a.

e When f(x) = %Hx\ﬁ, we compute

) =sup {(u.) 5ol |

z€R



Figure 3: an example in R%. The blue line achieves the highest b.

Then we establish some properties of the convex conjugate.

Lemma 4 (Fenchel inequality). For all x,u € R?, we have
(@, u) < fz) + f*(u).

Additionally, the equality holds if and only if u = V f(x).

Proof. By definition of convex conjugate, for every z,u € R?, it holds

frw) = (u,z) = f(2).
Rearranging terms we prove the inequality.

When the equality holds, we know

() = f() + F (1) <= (w,3) > f(@) + (u,2) — f(2), V2 € R
= f(2)> f(z) + (u,z — x),Vz € R%

Then by lower linear bound, the last inequality is equivalent to u = V f(x).

Then we introduce the Fenchel-Moreau theorem.

Theorem 5 (Fenchel-Moreau). If f is a convez function, then f = f**.

Proof. For all u,z € R?, it holds that

fr(u) = sup {(u,2’) — f(2")} > (u,z) — f().

z/€R4

Thus we obtain
f(z) > (u,x) — f*(u),Vo,u € R,

This means



Also, by Lemma 4, it holds that
f@) + f*(Vf(2)) = (Vf(2),2), Vo € RY.
This means

fl@) =(V[f(z),z) = [F(Vf(z)) < sup {(y,2) — [ (y)} = [ (2).

yeRd
O]
Corollary 6. If f is strictly conver, then
(VH =V
Proof. Let u =V f(z). Then, by Lemma 4,
(z,u) = f(z) + f*(u).
By Theorem 5, it holds that
(@, u) = f(2) + [ (w) = [ (2) + [ (w).
Then by Lemma 4 it holds that
Vi*(u) = x.
O

Note that, when f is not a strictly convex function on R%, but still strictly convex on its domain,
the result also holds.

Theorem 7 (Theorem 26.5 in | ). Let f : dom(f) € RY — R be a closed strictly convex
function. Suppose that |V f(x)|| — oo as x — ddom(f). Then f* : dom(f*) C R? — R is also

a C closed strictly convex function, satisfying the same properties. Moreover, x +— YV f(x) is a
bijection from int(dom(f)) onto int(dom(f*)) and (Vf)~! = Vf*.

3.2 Convergence of mirror descent

Now we return to mirror descent. Combining the discussion above, we can write the update rule
of mirror descent as

zh1 = Vg (Vg(zr) + 0V f(ze) .-

In this section we will show the convergence rate of mirror descent (under some regular conditions).
We will extend our analysis of gradient descent to mirror descent. Firstly we extend the definition
of smooth functions.

Definition 8. Let g € C! be a convex function. A function f : dom(g) C R — R is L-Lipschitz
with respect to Dy if for all z,y € dom(g)

[(Vf(2),y — )| < Ly/Dy(y, x).

6



Remark 3. Note that, let g = ||z — y||2, the definition contains the Lipschitz property (with a little
difference in constant).

Theorem 9. Suppose that f is convex and L-Lipschitz with respect to Dy. For any T > 1, if we
choose

2 Dgy(xy, o)
77— L T bl
then
T—1
1 L [D,(z.,
T3 J(aw) < flan) + 5y P

To prove Theorem 9, we need the following lemma which is an extension of law of cosines to deduce
the mirror descent lemma.

Lemma 10 (law of cosines for Bregman divergence). Let g € C! be a convex function. For all
x,y, z € dom(g), it holds that

(Vy(2) = Vy(y),x —y) = Dy(z,y) + Dyg(y,2) — Dy(x,2).

Proof. The result comes directly from the definition. O

Lemma 11 (mirror descent lemma). Suppose that f is convexr. Let {x}} be the sequence generated
by mirror descent of f. Then, for all y,

Far) < F) + 717 (Dy (s %) — Dyys ws1) + Dyl 2s1))

The proof of Lemma 11 is similar to the proof of basic mirror descent lemma we stated in Lecture
2. We leave it as a mental training.

Proof of Theorem 9. By Lemma 11, it holds that
1
f(xk) < f(.’I}*) + E (Dg(x*v xk) - Dg(x*vkarl) + Dg(xk7xk+1)) :

Summing over both sides from 0 to 7" — 1, it holds that

T-1

S

1 -1

flzk) < Tf(xs) + p (Dg(a;*,wo) — Dy(xs, z7) + Dg(xk-,xk+1)> .

k=0

>
Il

0

By definition,

Dg(a:k,ka) = g(zk) — 9(zry1) — (Vg(Tht1), T — Tpy1)
Dy(wkr1, %) = 9(T11) — 9(2x) — (Vg(@k), Tp1 — ) -



Then it holds that

Dy(xg, p41) + Dyg(xpr1,21) = (Vg(xr) — Vg(Trt1), Tk — Tht1)
= MV f(zr), ok — Ty1)

<nLy\/Dy(wgi1, 7).

Then

| /\

Dy(zr, xk+1) < —Dg(@p41, 2x) + Lo/ Dg(Tpt1, Tk)

Plugging it into above, we obtain

1 — 1 22
Tkz_of xk <fff*) T<Dg(l‘*a$0)+T 4 )
nL?
< f(@s) + TDg(x*7$O)+T-
Choose n = % M, and we obtain the desired bound.
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