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1 Overview: Optimization under Constraints

In this lecture, we will show how to solve a family of optimization problems under constraints. We
want to solve the following optimization problem:

min f(x)
s.t. hi(x) <0, Vie[m], (1)
li(x) =0, Vjeln].
Note that f, {hi}z’e[m] and {¢;} ieln] might not be necessarily convex, but we assume that they are

all C! functions.

Let D be the feasible region of (1). When f is a convex function and D is a convex set, the projected
gradient descent works if IIp(z) can be computed efficiently. In this lecture, we will introduce the
duality of the optimization problems to make (1) much easier to solve.



2 Lagrange Multiplier and Weak Duality

To solve (1), it makes sense to transform it into one without constraints. For the region D C R
define the indicator function ¢p : R — R U {oc} as:

0 zeD,
LD(x):{oo x ¢ D.

Then, the optimization problem (1) is equivalent to the following problem without constraints:

min, f(z) + p(z). (2)

Since affine functions are often easier to analyze, for tp, we have the following form of it.
Lemma 1. Under the definition above, it holds that

tp(z) = sup Z uihi(x) + Z vili(z)
=1 =1

u€RT,vER™

Proof. When z € D, it is clear that tp(z) < 0. We choose u = 0, then it holds that ¢p(x) can be 0.

When « ¢ D, there are two cases: there exists h;(x) > 0; there exists £;(x) # 0.
e Case 1: Jhi(z) > 0. Then we let u; — oo and other uy = 0, v = 0. It is clear that
tp(x) — oo.

e Case 2: 3¢;(x) # 0. Then we choose v; — sign(¢;)oo and other vy = 0, u = 0. It is clear
that tp(z) — oc.

O
By Lemma 1, the optimization problem (2) is equivalent to the following optimization problem:
m n
min  sup flz)+ Z u;ihi(z) + Z vilj(z) | . (3)
z€R? ueRT vER™ Py =

For the sake of simplicity, define the function L : R? x RZ, x R™ as

L(z,u,0) 2 fo) + 3 wihi(x) + 3 vit;(@).
i=1 j=1
We call (3) the primal problem ((P), for short) and the function L the Lagrangian function. Note

that, the function g(u,v) = inf cga L(x,u,v) is a concave function on (u,v), it is much easier to
maximize g(u,v) than the original optimization. In words, if we can solve the inner unconstrained
optimization problem inf pa L(z,u,v), the outer optimization problem is relatively easy.



Consider the following optimization problem

sup  min L(zx, u,v). (4)

u€R>O,v€R” zeR?

We call it the dual problem ((D), for short) of (3). Note that (P) and (D) are not equivalent in
general.

Proposition 2 (max-min inequality /weak duality). Let X,Y be two topological spaces. For f :
X xY — R, it holds that

inf sup f(z,y) > sup mf fx,y).

When the equality holds, we say the primal problem has strong duality.

Proof. By definition, for all yg € Y, it holds that

inf sup f(z,y) > lnf f(z,y0).
zeX yey

Then it immediately holds that

inf sup f(z,y) > sup inf f(z,y).
zeX yEY yEY zeX

O

Although the optimal value of the dual problem might not give us an optimal value of the primal
problem, it still offers a certification of the optimal value.

Corollary 3 (primal-dual solutions as certification). For z. € D, u, € RTy, ve € R", if f(zs) =
g(ux, vy), then . (respectively, uy, vy ) is an optimal solution to (P) (respectively (D)).

Proof. For all z € D, by the weak duality (Proposition 2), it holds that

f(@) > Lz, us, v4) = gus, ve) = f(24).
Thus we show f(z,) is the optimal value.

The optimality of (us,vs) comes directly from Proposition 2. O

3 Slater’s Condition

(This section refers to Chapter 5, [ ). Now we focus on under which conditions, the strong
duality holds. For the primal optimization problem (2), define the set G as

= {(r,s,t) ER™x R" x R: 3w € RY, (Vi € [m],j € [n], hi(z) = 14, 4(z) = 5;) A (f(2) = t)} .
Let p,. be the optimal value of (3). By constraints, it holds that

ps =inf{t | (r,s,t) € G:r <0,s =0}.
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Figure 1: an easy case of G, feasible region and the optimal value

Now we consider the Lagrangian function L(z,u,v). On G, we write it as the following form
L(z,u,v) =t +u'r+v's=(u,0,1) (r,81),7: = hi(x),s; = £j(x),¥i € [m],j € [n].

Using this form of L, we claim
glu,v) = inf {(u,0,1)7(r.5,6) | (r5,6) €G }.

Since (u,v,1)"(r,s,t) is a affine function on (r,s,t), the infimum of g(u,v) can be view as the
intersection of some ‘tangent hyperplane’ with ‘slope’ perpendicular to (u, v, 1) at some point (r, s, t)
on t-axis. The following figure illustrates an easy case of this geometric interpretation when G lies
on R2.

As a result, the optimal value of the dual problem can be written as the following form:

di.= sup min L(z,u,v) = sup inf {(u,v, ) (r,s,t) | (r,s,t) € g} .
ueRY, vER™ zeRd u€RY) ,vER™

Intuitively and geometrically speaking, we might say, d* is the ‘highest’ intersection on ¢-axis among
all tangent supporting hyperplanes which are tangent to G at the point in the feasible region. View
Figure 3 as an instance on R2.

On the other hand, to make the set contain the point (0,0, p.), we introduce the following set .4
which can be viewed as an epigraph of G:

AL {(r,s,t) ER™ xR" x R: 3w € RY st hy(w) < 17, 0;(x) < s;,Vi € [m], j € [m}}
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Figure 2: the geometric interpretation of g(u,v). The red line is a tangent line with slope —u, and
let 7 = 0 we get the point (0, ¢(u)) on this line.
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Figure 3: the green line is the tangent line achieves the optimal d. Note that it must be a tangent
line at the point in the feasible region.



Figure 4: the epigraph

Now we introduce the Slater’s condition.
Definition 4 (Slater’s condition). For a optimization problem (3), we say it satisfies the Slater’s
condition if:

o f is convexr.

e h; is convex for all i € [m].

o U is affine for all j € [n].

o There exists a point & € relintD, i.e., hi(Z) < 0 for all i € [m] and £;(Z) =0 for all j € [n].

Lemma 5. If the optimization problem satisfies Slater’s condition, then it has the strong duality.

To prove Lemma 5, we firstly show the convexity of A.

Lemma 6. Under the Slater’s condition, A is a convex set on R™ x R™ x R.

The proof of Lemma 5 directly comes from the definition. We leave it as a mental training. Note
that, even under the Slater’s condition, G can be a non-convex set (let f(z) = 322 h(z) = 2. It is
trivial that G is not convex.)

Now we are ready to prove Lemma 5.

Proof of Lemma 5. For convenience, without loss of generality we assume that p, is finite. Since



¢; is affine, we can write the optimization problem as the following form

min f(x)

s.t. hi(xz) <0, Vi € [m],
Az —b=0, AeR™
We also assume rank(A) = n. Consider the following set

B2 1{(0,0,t) cR™ xR" xR:t < p,}

Directly from our construction, B is convex and ANB = &.

Figure 5: an example of A and B

Since A, B are convex and AN B = &, by the separating hyperplane theorem, there exists an affine
function determined by (u, 0, ft) # 0 and a value v satisfying
e (rs,t)eA = u'r+o's+ut>n.
o (rs,t)eB = ' r+0's+ut <.



Figure 6: the green line separates the two convex sets

From our construction of A, it must hold @ > 0 and fi > 0 (otherwise, @' 7+ fit cannot be bounded)
Also, since t < p, for every (0,0,t) € B, it holds that fip, <. Thus for every x € D,

m
> dhi(x) + 0" (A —b) + fif(z) = v > fip..
i=1
We separate the remaining part of our proof into two cases: & > 0; i = 0.

e Case 1: i > 0. Consider the pair (@/f,0/f1). For all z € D,

Lix, /i 5/71) = f(x) +

S Gihi(z) + 07 (Ax —b)

i
Then combining it with the weak duality, we establish the strong duality.

e Case 2: i = 0. The separating hyperplane theorem implies

m
> iihi(z) + 0" (A —b) >y > 0.
=1

Consider the point & € relintD. Since Az — b = 0, it holds that

i=1

Since h;(z) < 0, it must hold that @ = 0. Then for all z € D,

o' (Az —b) > 0.

Since (u, v, 1) # 0, we obtain ¥ # 0. By our assumption, & is in the relative interior of D and

¥(A% — b) = 0, there must be some 2 € D near # such that o' (Az —b) < 0 unless 94 = 0.
This leads to a contradiction to the assumption that rank(A) = n.



Combining the two cases above, we prove the strong duality. O

3.1 An example of solving optimization via duality

Now we show an example of solving optimization problems via duality. Consider the problem
finding the projection to the polytope.

1 2
min —||x — x|
z€R42 (5)

st. (wi,x) < b;,Vi € [m].

We compute its Lagrangian function

1 m
L(w,u) = Sl = wol® + Y _ i ((wi, x) — bi)
i=1

and let g(u) = inf cgpa L(x,u). By Slater’s condition, to solve the primal optimization problem, it

suffices to solve its dual problem

g, o)

Observe that, L(z,u) is a strongly convex function. Then for v > 0, the minimizer of L(x,u) is
attained at the point xz(u) = zo — Y 1" ww;.
Then it holds that

g(u) = (u,b) — %UTWU

where

1>

{{wi, z0) — bi}icpm) € R™
(

1>

b
W
To (approximately) maximize g(u) we can apply the projected gradient descent.

4 Karush-Kuhn-Tucker Conditions

For unconstrained optimization problem

min f(x
z€R4 f( )’

the necessary condition for x, to be a optimal point is V f(z.) = 0. How about the constraint
optimization problem?

Definition 7 (KKT conditions). We say a point (z,u,v) € RIx R™ x R" satisfies Karush-Kuhn-
Tucker conditions (KKT conditions for short) if the following hold:



(a) Stationarity:

VoL(z,u,0) = Vf(x)+ > wVhi(z) + > v;VEj(x) =0,
i=1 Jj=1

(b) Complementary slackness: u;h;(z) = 0,Vi € [n].
(¢) Primal feasibility: x € D, i.e.,
hi(x) <0,Vi € [m],
lj(x) =0,Yj € [n].
(d) Dual feasibility: u > 0.

Remark 1. To see when KKT conditions hold, refer the wikipedia page KKT conditions.

4.1 Interpretation for KKT conditions

Before proving the necessity and the sufficiency of KK'T conditions, we firstly give an interpretation
of KKT conditions.

Figure 7: the geometric interpretation of KKT conditions

We interpret the primal problem as moving a particle in the space R?, subject to the three kinds
of force fields:

e f is a potential field. In this field, we need to minimize f(z,). Then the force of the field is
-Vf.

e h; are one-sided constraint surfaces. The particle can move inside h; < 0. However, once
hi(z) = 0, the particle will be pushed inward.

e (; are two-sided constraint surfaces. That is, the particle is only allowed to move in these
surfaces.

Then, stationarity means the sum of forces V f(z.) must be balanced by a linear sum of the forces
Vhi(zs) and VZ;(z,) (intuitively the point must be stationary).

10


https://en.wikipedia.org/wiki/Karush%E2%80%93Kuhn%E2%80%93Tucker_conditions

Complementary slackness means, if h;(z4) < 0, then force Vh;(z,) must be zero, since when the
particle is not on the boundary, the one-sided force cannot be active.

Primal feasibility means the particle must be in the feasible region, and dual feasibility means all
forces Vg;(z.) must be one-sided.

4.2 Necessity and sufficiency of KKT conditions

Now we show the necessity and the sufficiency of KKT conditions.

Lemma 8 (neccesity of KKT conditions). Suppose the function

x(u,v) 2 argmin L(z, u,v)
zeR

is Ct function. Then a point (T, u«,vs) s a solution to the primal problem in the sense that

L(zy,us,vs) = sup inf L(z,u,v)
u€RY,vER™ zeR?

only if KK'T conditions hold.

Proof. We verify KKT conditions by definition.

e Dual feasibility: It is trivial since u € RZ,.
e Stationarity: The stationarity comes from the fact that

Ty € argmin L(x, uy, v).
zER4

e Primal feasibility: Assume x, ¢ D. There are two cases: Ji € [m],hi(x,) > 0; Jj €
[n],£;(z«). We assume 3i € [m], hij(xzs) > 0 and the other case is similar (left as another
mental exercise). By the chain rule,

O, L(x(u,v),u,v) = (Vo L(z(u,v),u,v), Vy,z(u,v)) + hi(z(u,v)).
Then, for § > 0,

L(x(us + d€4, 04 ), us + d€;, vy)

= L(x(Us, Vs), Use, V5) + (Vo L(2 (Wi, V4), Use, Vs )y Vi, T (Ui, 04)) 6

+ hi(z(us, v4))0 + 0(6)

= L(Zs, Us, Vs) + hi(24)0 + 0(0) (stationarity)
> L(@y, Us, Uy) (when 6 is small.)

which leads to a contradiction to the optimality of (x., us, vy)

e Complementary slackness: Assume that h;(z,) < 0 and (u.); > 0 for some i € [m].
Similarly to the calculation above we show

L(x(usx — 0€4, 05 ), s — 0€4,05) = LTy, s, Us) — hi(24) + 0(0) > L(Tu, Us, Vs)

thus also leading to a contradiction.

11



O]

On the other hand, we establish that it suffices to show KKT conditions of a point to show its
optimality.

Lemma 9 (sufficiency of KKT conditions). Suppose that Slater’s condition holds. Then a point
(Tx, Us, i) s a solution to the primal if KKT conditions hold.

Proof. By the stationarity and the convexity of the function = +— L(z,u., vs), we know z, is a
global minimizer of L(x,u.,v,). Then

9(ts; V5) = L(Ts, s, 04) = f(24)

where the last equality holds by the primal feasibility and complementary slackness. Then by
Corollary 3, we show the optimality. O
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