
Properties of Non-Backtracking Matrix

1 Hashimoto Matrix
Given a graph 𝐺 = (𝑉 , 𝐸), let ®𝐸 be the oriented edge set generated from 𝐸 by separating each edge (𝑢, 𝑣) ∈ 𝐸 into two oriented
edges 𝑢 → 𝑣 and 𝑣 → 𝑢. The Hashimoto matrix (non-backtracking matrix) 𝐻𝐺 ∈ R ®𝐸× ®𝐸 of 𝐺 is defined as

𝐻𝐺 (𝑢 → 𝑣, 𝑥 → 𝑦) =
{
1 𝑣 = 𝑥 ∧ 𝑢 ≠ 𝑦

0 otherwise
.

We would show some properties of non-backtracking matrices.

2 Ihara-Zeta Function and Determinant of 𝐻𝐺

For a graph 𝐺 = (𝑉 , 𝐸), a reduced closed walk of 𝐺 is a path 𝑝 = {𝑣0, . . . , 𝑣ℓ−1} satisfying for all 0 ≤ 𝑖 ≤ ℓ − 1,

(𝑣𝑖 , 𝑣 (𝑖+1) mod ℓ ) ∈ 𝐸

𝑣𝑖 ≠ 𝑣 (𝑖+2) mod ℓ

Note that, any cyclic rotation of 𝑝 is also a reduced closed walk. Let ⟨𝑝⟩ be the cyclic group induced by 𝑝 . We consider every two
elements in the same cyclic group are equal, and so we pick any of ⟨𝑝⟩ as a prime reduced closed walk. Obviously there is no
reduced closed walk of length < 3.

We define Ihara-Zeta function 𝜁𝐺 (𝑢) as

𝜁𝐺 (𝑢) =
∏
𝑝

1
1 − 𝑢𝐿 (𝑝 )

where 𝑝 ranges over all prime reduced closed walks and 𝐿(𝑝) is the length of 𝑝 . Let Γ𝐺 (ℓ) be the collection of all prime reduced
closed walks with length ℓ . Thus we know

𝜁𝐺 (𝑢) =
∏
ℓ≥1

(
1

1 − 𝑢ℓ

) |Γ𝐺 (ℓ ) |
= exp

( ∞∑︁
ℓ=1

|Γ𝐺 (ℓ) |
𝑢ℓ

ℓ

)
.

On the other hand, it holds that

Tr
(
𝐻 ℓ
𝐺

)
= |Γ𝐺 (ℓ) |, ∀ℓ ∈ N.

Then, by Jacobi’s identity, we know

𝜁𝐺 (𝑢) = exp

( ∞∑︁
ℓ=1

|Γ𝐺 (ℓ) |
𝑢ℓ

ℓ

)
= exp

( ∞∑︁
ℓ=1

Tr
(
𝐻 ℓ

)𝑢ℓ
ℓ

)
=

1
det(𝐼 − 𝑢𝐻𝐺 )

.

Let𝐴𝐺 be the adjacent matrix of𝐺 and 𝐷𝐺 = diag
(
deg𝐺

)
be the degree matrix of𝐺 . The following identity holds for Ihara-Zeta

function.

Lemma 2.1 (Ihara-Bass’s formula). Given a graph 𝐺 = (𝑉 , 𝐸) and 𝐻𝐺 , 𝐴𝐺 , 𝐷𝐺 , 𝜁𝐺 (𝑢) defined as above, it holds that

𝜁𝐺 (𝑢) =
1

det(𝐼 − 𝑢𝐻𝐺 )
=

1
(1 − 𝑢2) |𝐸 |− |𝑉 | det(𝐼 − 𝑢𝐴𝐺 + 𝑢2 (𝐷𝐺 − 𝐼 ))

.

1



3 Hashimoto Matrix of Erdős-Rényi Graphs
Now we consider the Hashimoto matrix of a random graph 𝐺 ∼ G(𝑛, 𝛼/𝑛).

Lemma 3.1 (Theorem 3 in [BLM18]). Given a fixed parameter 𝛼 > 0, let 𝐺 = (𝑉 , 𝐸) be a random graph generated from Erdős-Rényi
graph G(𝑛, 𝛼/𝑛). Then with probability tending to 1 as 𝑛 → ∞, the eigenvalues 𝜆1 ≥ 𝜆2 ≥ . . . ≥ 𝜆𝑛 of its Hashimoto matrix𝐻𝐺 satisfy:

𝜆1 = 𝛼 + 𝑜 (1), |𝜆2 | ≤
√
𝛼 + 𝑜 (1).
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