A Local-to-Global Framework: Simplicial Complex

Zhidan Li

Contents

1 Markov Chains and Local Properties

1.1 Spectral independence . . . . . . . ...

2 High-Dimensional Expander: Simplicial Complex

2.1 Weight functions and random walks on the simplicial complex . . . . . .. ... ... ... ...
22 Garland’'smethod . . . .. ... ..
2.3 Trickling-down theorem . . . . . . . . . . . ..
2.4 Thelocal-to-global theorem . . . . . .. ... . . .. ...

3 Variance and Entropy Contraction

3.1 Variance tensorizations . . . . . . . . ...
3.1.1  Optimal spectral gap for sparse graphicalmodels . . . . . ... ... ... ... .. ...
3.2 Entropy tensorization and optimal mixingrate . . . . . ... ... Lo Lo L.

3.2.1  From spectral independence and marginal boundedness to entropic independence

3.2.2  Optimal mixing rate without marginal boundedness . . . . ... ... ... ... ....

1 Markov Chains and Local Properties

N

N=TELN RS, S

Given a distribution p over state space Q, let P be a reversible Markov chain with respect to Q. We define the mixing

time of P at initial state x € Q as

ton (P 0) = inf {£2 0| Dy (P'(x.) | ) = ¢}

The functional inequality is introduced to bound the mixing time of P. For two functions f,g : Q — R, define

the Dirichlet form with assumption that all terms are well-defined to be

En(f.9) = f(T-Pgh, = [ (1= Pglo) du),

(1)

Definition 1.1 (Functional Inequalities). Given a reversible Markov chain P with respect to its stationary distribu-

tion p over Q, we define the spectral gap of P as

Gap(P) = f:gl_{R Var,, (f)

and we define the modified log-Sobolev inequality constant (MLSI) of P as

~ e SpUloef)
pis(P)= Il Ent, U]

where the variance and the entropy of f with respect to y are defined as

Var, (f) =E, [f’] =E,[f1*, Ent,[f]=E,[flogf]-E, [f]logE, [f].

Moreover, for every reversible P, it holds that Gap(P) =1 — A,(P).



Previously several works have used the functional inequalities to bound the mixing time.

Lemma 1.2 (Theorem 12.4 in [ 1). There exists a universal constant C > 0 such that the followings hold for all
x € Q,

tmix(P: X, 5) <

¢ (1 ! +1 1)
o og —|,
Gap(P) \ Bu(x) e
C 1

1
tmix(P,x, f) < pLS(P) (10g10g@ +10g l@) .

Dirichlet form and continuous-time random walk

The Dirichlet form is introduced in Bobkov and Tetali [ ] to analyze the mixing time of Markov chains. To
briefly see this, consider the following Markov process:

p=e TP yr >0

Let o be the initial distribution and y; = poP;. Consider the function f; supportedon Q as f; = d—’:f. Thus (f;,1), =1
and
d d
Eft =—(I-P)fs Elogft =—-(I-P)1.
Then,

d d
—Var, (f) = — (i £, — ()2

d d d
() + (5] 26, (h)
=2 -1~ P, - 21, (- - P,
- 280 f).

Similarly for the relative entropy we have

7

d d
EDKL (e I ) EEnty [f¢]

d
= (Fulog i),
d d
(< 1ogﬁ>u e 1ogﬁ>u

=(-I-P)fi.log fi), + {fr, -(I - P)1),
= —28p(fi.log fr).

The two inequalities drive us to bound the spectral gap and MLSI constant.

1.1 Spectral independence

Now we consider the case Q C [gq]" for a positive integer g > 2. It makes common sense since we focus on the
mixing rate of the Glauber dynamics for the Gibbs distribution of g-spin systems.

The local property named spectral independence is firstly introduced in Anari, Liu and Oveis Gharan [ ]
to evaluate the local dependence in hard-core models.

Definition 1.3 (Spectral Independence - Boolean Domain). Let y be a distribution over Q C {—1,+1}". We define
the influence matrix ¥, € R™" to be

1 1
(0, ) = JBx [ Xi | X;=1] - B [Xi | X;=-1], Vije[n].

<1+

For > 0, we say p is 5-spectrally independent if H\Pﬂ”op



For arbitrary q > 2, Feng, Guo, Yin and Zhang [ ] extend the definition of the influence matrix of y and
introduce the generalized version of the spectral independence.

Definition 1.4 (Spectral Independence). Let p be a distribution over Q C [¢]". For any A C [n] and every feasible
pinning 7 € [g]", the absolute influence matrix ¥, € RUG" is defined as, for every distinct u, 0 € [n],

¥ (u,0) = inf Dry (/JZU{“(_i} “ ,uf,u{u(_j}).
: ijelq]
For > 0, we say y is n-spectrally independent if for all A C [n] and 7 € [q]?, the spectral radius of the absolute
influence matrix satisfies p(¥;) < 1+7.

Remark 1.5. In some cases, we also define the influence matrix ‘f’; as
W, ((1,5), (j, 1)) = Propey [0()) = t | (i) = 5] = Proy [0(j) = 1].

It is well-known that A« (‘FI’;) < p(¥y).

The following argument relates the influence matrix to the correlation of the distribution. This might explain
the motivation and the intuition that we take the spectral independence into account and serve it as a local property
of the distribution.

Lemma 1.6. Given a distribution pu over Q C {—1,+1}", define the correlation matrix of u as
Cor(p) := diag (Cov (,u))_l/2 Cov (p) diag (Cov (,u))_l/2 )
Then ¥, = Cov (p) diag (Cov (u)~* and
[ullop = lICor()lloe-
Proof. Let X be a random variable drawn from p. For i, j € [n], by calculation,

Cov (w);; = E[X:X;] —E[X] E[X)]
=E[X;|X;=1]Pr[X;=1] QA -E[X;]) —E[X; | X; = -1] Pr [X; = 1] A+ E [X;])
|

=9, (i, j) (1 “E[X; 2)

thus leading to the identity ¥, = Cov (y) diag (Cov (1)) ~". To prove the second identity, let v be an eigenvector of
Cor () and its associated eigenvalue is A. For simplicity let D = diag (Cov (y)). Then,

Av =D~ Y2Cov (y) D™y,
Let u = D'/2v. Thus we obtain
Au = Cov () D™'?y = Cov () D' = Y,u.

Then we know ¥, and Cor(y) share the same spectrum, meaning that their operator norms are equal. O

2 High-Dimensional Expander: Simplicial Complex

Now we introduce a framework relate the local property to the global rate of the mixing of Markov chains.

Definition 2.1 (Simplicial Complex). A simplicial complex 6 is a non-empty downwards closed collection of sets
(called faces) over a finite ground set of elements. It satisfies

. €6,

e ifSe6andT C S,thenT € 6.



Additionally, we assume that € is pure, i.e., for all maximal elements S € €, they share the same size denoted
by d = rank(6). For all S € 6, let rank(S) := |S|. According to the rank function, we partition 6 into d + 1 parts
as: for every 0 < k < d, define the k-skeleton as

6 (k) :={S € € | rank(S) = k}.
For every face S € 6, define the link at S as
Cs:={T €6 |SNT=0,SUT € 6}
and for all 0 < k < d — rank(S), define the k-skeleton at S as
Cs(k) = {T € €5 | rank(T) = k}.

2.1 Weight functions and random walks on the simplicial complex

Given a distribution p over Q = 6 (d), we define the weight function w : € — Ry as

{u(S) S € 6(d);
w(S) =
Yrosteg ey W(T) S €6(k).k<d.

For every link ‘65 at face S € 6, we define ws(T) = w(SUT) for every T € 6.
To see the random walks on 6, firstly we introduce the distribution on it. For every 0 < k < d, we define the
distribution 7z on € (k) as

w(S)

§ =2
7 (5) 2ree k) w(T)

VS € 6 (k).

Similarly for the link at S, we can also define the distribution 75 over “€s(k).
For 0 < k < d and every S € 6 (k), by calculation,

w(S) = Tu(s).

This leads to the identity

3 w(S) _ 1(S) _ 1
m(5) = Sreey w(T)  Dreg #(T) (i)'u(s)'

For simplicity of notations and analysis, we assume that the dimension of all the matrices is 6 (1), and we add
zeros to appropriate positions. For every 0 < k < d, we define II; := diag (7x) to be the diagonal matrix induced by
7k, and similarly define ITg; € RE-(k)x6- (k) for all links at S € 6 and 0 < k < d — rank(S), and the inverse of them
means taking inverse only on their non-zero entries. Additionally, we use the operator - to denote the actual vector
or matrix in the simplicial complex. Precisely speaking, for a matrix A supported on “6,(k) X 6.(k),

A(SUT,SUR) := A(T,R), VT,R e 6.(k)
and 0 otherwise, meanwhile for a vector v supported on 6, (k),
V(SUT) :=v(T), VT € 6.(k)

and 0 otherwise.
There are two natural random walks on the simplicial complex 6: up-walk and down-walk.

« ‘Up-Walk’ Pl: starting from S € “€(k), we add an element x € €s(1) as s ;.

« ‘Down-Walk’ P]t: starting from S € € (k), we remove an element x € S uniformly at random.



We write them in a explicit form: for0 <k <d-1,S € 6(k), T € €(k+1),

157y = 20D
PI(S.T) = W(S)]l [S C T]

) ,’1 k = .

Based on the two walks, we define the following up-down walk and down-up walk (note that they are all lazy
random walks):

PA=PlPl | Vo<k<d-1,

k™ k+1
V _plpl
Py =Pl ., Vi<k<d
For the up-down walks, usually we consider its non-lazy version P := %Pﬁ - %I . For the link ‘€, at 7 € 6, it

is similar to define the random walks PAk, ka and P" - Among all these walks, we pay quite a special attention
T, T, T,

to the local walk P;\,1 and le. Define the matrix W; ; supported on “6,(1) X 6,(1) as W;2(x,y) = m.2({x,y}) for
X,y € 6,(1) and {x,y} € 6,(2). By definition, it holds that

1

Py = STl Wz, ©)
v
P =1x],. (3)

Moreover, directly from the definition, for the distributions of the two adjacent layers, it holds that

.
M, PY, = (P]TC) I, Vo<k<d-1. 4)

Multiplying all-ones vector on both sides, we obtain,

7T1<+1P,l<+1 = Tk, (5)

Forevery0 < ¢ < k <dand o € €(k), T € 6(¢) with r C o, by definition,

7(0) = (o)

(k)

= Do\ )

(&)
k
= ([)ﬂg(l’)ﬂf’k_[(o- \ T)'

2.2 Garland’s method

The kernel of the local-to-global theorem is to establish the relationship between local walks and global walks. The
Garland’s method is implicit in the work of Oppenheim [ ] and we put it in a more direct and explicit form.

Lemma 2.2 (Garland’s Method). The following identities hold:
1. Ty =By, [Mp].
2. P} = Epop, 4P, ]
3. I1(P})? = Erep [ﬂmﬂ;].

Proof. We prove these identities entry by entry.



1. For every x € 6 (1), by definition,

I (x, x) = 71 (x)

> Smtyh

{x.y}e€(1)

({x.y)
= ) my= e
ye‘;l) 1 2m (y)

=Ey-r, [Hy,l(x, x)] .

2. By (2), it holds that

1

ET~7I1 [HT,IP—/[\J] = ET~7I1 |:5WT,2:| = 2W;.

On the other hand, by definition,
I1,P} = 211, diag (/) ' W = 2W5.
Then we conclude the identity.

3. For every x,y € €(1),

P2y = ), m(0)me(D)me(y).

€% (1)

On the other hand,

Beom, [7e1y] (59) = > ()71 () e (y)
re6(1)

= Z 51 (x)ﬂ'x,l(f)ﬂ"r,l (y)

T€6 (1)

Thus we conclude the identity.

Additionally the following two identities between two skeletons are important.

Lemma 2.3. The following identities hold

1. HkP;C\ = ET~717<71 [HT,lP'/r\,l]'

2. P} = Erepy, [HUPZl] =Eren_, [n,,ln;].
Proof. The proofs of two identities are similar.

1. By direct calculation,

I Py =TI -

2, P

€6 (k-1)

| -

1 R
P2,
€6 (k-1)

Z Oy =
e (k1) k-1

D mea (DI PY,.

€6 (k-1)



2. Similarly to above, we have

vV _ pv
P, =1l - Z PT’1

€6 (k-1)

=

I, —=
Z ﬂk—l(T)M—(T)le
re€(k-1) k-1

D, M (DIPY.

€6 (k-1)

2.3 Trickling-down theorem

Based on the identities in Section 2.2, we establish more properties of the local walks.

Definition 2.4 (Local Spectral Expander). For a simplicial complex 6 equipped with distribution g, for 0 < k < d—-2
and yx € [0, 1], we say 6 (k) is a yx-local spectral expander if it holds that

Az(Pﬁg) <Yk Vre€(k),
or equivalently,

A T T
Hr,lpr,l — il = Yk (Hr,l - ”f,lﬂm) .

Moreover, we say € is a (o, . . ., ya—2)-local spectral expander it € (k) is a y-local spectral expander for all 0 < k <
d-2.

The following lemma shows, if € (k) is a local spectral expander, then we can see 6 (k—1) is also a local spectral
expander.

Theorem 2.5 (Oppenheim’s Trickling-Down Theorem, [ 1). Suppose that ‘6 (k) is a y-local spectral expander
forsomel <k <d—-2. Then€(k—1)isa %—local spectral expander (assuming the total connectivity of the random
walk).

Proof. When k > 1, we can only focus the link at each face in 6 (k) and this is the case k = 1. Then we assume that
k =1. By Lemma 2.2,

I1,P} = E;op, [H,,lpgl]

<E; [yH_m+ (1 -y,
= yII; + (1 - ) (PY)°

where the inequality comes from the fact that the local spectral expander means
I - HT,IP'/[\’l >(1-y) (Hr,l - ”T,l”;l—:l)-
Now we consider the eigenvector v, of P with respect to the second largest eigenvalue ;. Then,

A2 Vo, V2) g Sy (V2 V2)r + (1 - )’)/15 (V2, Vo), -

This means (1 — A3)((1 — y)Az —y) < 0. Since A, < 1 (otherwise the bound is meaningless), we have 4, < %. O

Observe that in Theorem 2.5, we only consider the second largest eigenvalue of the local walk. When we take
more eigenvalues into account, the improved trickling-down theorem is introduced in Abdolazimi, Liu and Oveis
Gharan [ ].

Theorem 2.6 (Matrix Trickling-Down Theorem, [ 1). Given a simplicial complex € equipped with distribu-
tion i, suppose that the following holds:



1. A,(Py) < 1,ie, P} is irreducible.

<€(1)><<6(1)} such that

2. There exists a family of symmetric matrices {MT eR e (1)

A T
HTJPT,I - 6‘(7’[’1—,177.'1.,1 < MT =<

Il
20+1

forallt € 6(1).

Then for every M € REW*6(1) satisfying M < iHl andE;n, [M;] <M~ aMII['M, it holds that
A 1 T
P} - (2- = | ma] < M.
o

In particular, 2;(P}) < p(II;*M).
Proof. We take expectation on all sides of the assumption and by Lemma 2.2,

1
2
I1,P} — all; (P})? < Erop, [M;] < mHl.

Therefore, I1;P} — aIl;(P})? < M — aMII;'M. Set Q = P} — - 1x] with f =2 — 1. Then we know
IL,P} — oIl (P})? = ;0 - alIl; Q°.
Thus we know
1,0 — all;Q* < M — aMH;lM.

Since )Lz(PAl) < oor +1 for every 7 € € (1), by Theorem 2.5, 25(P}') < 5. Combined with f =2~ > 1— zi we have

Q= %{I By Lemma 2.3 in [ ], we have I1,Q < M. O
Commonly in use we apply the following proposition induced by Theorem 2.6.

Proposition 2.7. Given a simplicial complex ‘€ equipped with distribution p, if there exists a family of symmetric
matrices {M, € R6(W>6W1__ satisfying

1. Base Cases: For every t € 6(d — 2),

1
A T
Hf’lpr’l - 277.'-[’177.'.[’1 < MT =< EHTJ.

2. Recursive Conditions: For every v € “6€(d — k) with k > 3, one of the followings holds:

« The matrices satisfy

k-1 k-1
MT =< ﬁnr,h Ex~n'm [Mru{x}] =< Mr - mMTH‘[’lMT'

e (6, 7o) is the product of m pure weighted simplicial complexes (61, 7V, ..., (6™, (™)) of dimen-
siondy, . ..,dn, respectively and,

" di(d; -
Mr ]Z: k(k TUT]]

wheren; =1\ 6U) (1) for an arbitrary n € 6.(k).
Then for every t € 6(d — k) with k > 2, it holds that

o 171'1—177,'2_1 <M; < mnr’y

In particular, Ay (P} ) < p(II_{My) for all v € 6 (d — k) withk > 2.

A
HT,IPT,I



2.4 The local-to-global theorem

Now we are ready to introduce the method named Alev-Lau’s Local-to-Global Theorem introduced in Alev and
Lau [ ].

Theorem 2.8 (Alev-Lau’s Local-to-Global Theorem, [ 1). Assume that € is an (ay, . .., ag—2)-local spectral ex-
pander. Then for any 1 < k < d, it holds that

)
1
Gap(PZ) = Gap(Pﬁ E 1_[(1 - ;).
i=0
Proof. 1t suffices to show that forall 1 < k < d -1,
A k v
Gap(PkH) = Gap(Py) = m(l — ax-1)Gap(Py). (7)

Together with the hypothesis induction and Gap(P}) = 1 we can conclude the theorem.
To prove (7), firstly observe that PZ+1 and Pﬁ share the same non-zero eigenvalues and thus their spectral gaps
are the same. By Lemma 2.3, forevery 1 < k <d -1,

Py — kP = Eropy , |TeaPD | — g

Since 6 is an (ay, . . ., @g-3)-local spectral expander, for every 7 € € (k — 1), the local walks satisfy:
H‘r,lp ﬁrlﬂfl < o1 (Il — 7Tr,17TTT,1)-

Plugging it into above, by Lemmas 2.2 and 2.3, we obtain

TP, — TPy < o 1Brom, Moy — meam),

= a1 (I — IIkPY).

This means

i (K¢ k) = P) = (1= 1)k (Fg () — PY)

thus leading to Gap(P}) > (1 - ak_l)Gap(PZ). To finish the proof, note that

1
PA=—P/\+—I( s
kT k+1 K k41 6W

meaning that
A k A k
Gap(P}) = ——=Gap(P}) = = —(1 - a_1)Gap(P}).

O

Remark 2.9. Note that, the random walk PZ is the typical single-site Glauber dynamics P°P. When p is n-spectrally
independent, it was shown in [ ] that the corresponding simplicial complex 6 equipped with p1isa (#, %, S n)-
local spectral expander. Then we know the spectral gap of PCP is bounded by

(7=

=~
Do

Gap(P°P) >

SHE

I
o

i

By Lemma 1.2 we can show the mixing rate of PSP,



3 Variance and Entropy Contraction

Now we give an alternative view of Theorem 2.8. Given a simplicial complex ‘6 of dimension d, for 0 < ¢ < k < d,
we define the following random walks

pl  _plpl  pl

k—t k™ k-1" +1°
P{T”—>k P{TPLI PITc 1’
PZ<—>£ = Pi—)[P{T—ﬂc’
P?<—>k = PI—)kPi—)[

Then we consider the Dirichlet form of PZ(_) ;- By definition,

& (LN ={r.(1-21.)f)
= fTIf - TP}, f
=fIf-fT HkPk_,f ka
@ e - 17 (pL) TP,
2 Var,, (f) - Vary, (PL_,f)

where (a) holds from (4) and (b) holds from (6). Similarly, for the Dirichlet form of P2 we have

tek’

En (L) = (£ (1-P0e) ),
= fTILf - fTTLPy.
= fTILf - fTI,P]_ Py f
= Var,, (f) — Var,, (Pk_)[f) .

Follow the similar routine together with Jenssen’s inequality, and we obtain the following identities and inequal-
ities:

Eey_ (f2f) = Varg, (f) - Vary, ( o). ®)
(£ f) = Varg, (f) = Vary, (PL_,f). ©)

SPZH[( f.log f) > Enty, [f] - Ent,, [ T f] (10)
Eps_ (frlogf) 2 Enty, [f] - Enty, [Pk—>t’ f] . (11)

The identities or inequalities as above show us that, when we want to show a Poincaré’s inequality, it suffices to
show the variance/entropy contraction.

Lemma 3.1 ([ D). Let0 < ¢ <k <dand f® : 6(k) — Rsg be a function on 6 (k). Then
atr |79 = Exn [t [ 1470 Bty 9]

where fT(k_[)(cr) = ) (r U o) foreveryo € 6.(k — ), and {0 := PTP{T+1 P,Tc_lf(k).
Similarly, for all f*) : € (k) — R, it holds that

Var,, (f(k)) =E; [Var,rr’k_[ (ff(k_[))] + Var,, (f(f)) .

10



Proof. We prove the identity for variance and the identity for entropy is similar. Note that, as a simple extended

version of Lemma 2.3, it holds that

g = Er~ﬂg Hr,k—f] .
Without loss of generality, assume that E;, [ f ()] = 0. Then,
() ©\ ", £
Var, (f ) = (f ) I f

T S

= (f(k)) ET’Vﬂ.’g [Hf,k—t’] f(k)
[ T

:Er~m ( ‘r(k f)) Hr,k—l’ r(k {))]
[ k- k-0))?

= Eor, [Vars, . (£50)] + Beer, [E [( fk0)

=E¢p, |Var,,,_, ( T(k_[))] + Var,, (f([)) .

For entropy the proof is similar and we can just assume that E, [ f (k)] =1

3.1 Variance tensorizations

To establish a Poincaré inequality via spectral independence, it’s time to introduce the tensorization of variance. The

kernel of this method is law of total covariance.

Theorem 3.2 (Law of Total Covariance). Let X, Y, Z be three random variables. Then it holds that

Cov(X,Y)=E[Cov(X,Y | Z)]+Cov(E[X | Z] ,E[Y | Z]).
Proof. By law of total expectation, it holds that

Cov (X,Y) =E[XY] —E[X]E[Y]

[
[E[XY [ Z]] -E[E[X | Z]]E[E[Y | Z]]
[
[

E
E
E
E

Cov (X,Y | Z)] +Cov(E[X | Z],E[Y | Z]).

Cov(X,Y | Z)+E[X | Z]E[Y | Z]] -E[E[X | Z]]E[E[Y | Z]]

O

Note that when we consider o ~ p where p is the distribution over Q C [g]" andlet X = Y = f(w),Z = w(A)

for a fixed arbitrary subset A C [n], it holds that
Var, (f) =Egy~u, [Varucr,\ (fGA)] + Varg, ., (EyUA [fUA]) .

Given 1 < ¢ < n, adding all identities for A € ( ) it holds that

Var, (f) = o

(7) AC[n],|Al=¢

To illustrate it in the form of law of total variance, consider the pinning set $; defined as:

P, = {(A, o) | A€ ([Z]),UA € [q]A} .

Consider the distribution p, on #, defined as

He(Ds o) = ——=Proy [0(A) = 0pl, V(A 0p) € P,

1
(")

11

(EO'ANIJA [Var,u"/\ (fo-A)] + VarO'A'“HA (Eu”/\ [fo-A])) .



and the function f(*) : #, — R as
f([) (A, O'A) = EﬂO'A [fUA] .
Then by direct calculation, we obtain
Var, (f) = Vary, (f([)) +E(Aon)~p [Var,,aA (f"")] . (12)
We remark here that (12) is exactly what we have shown in Lemma 3.1.

Definition 3.3 (Variance Independence). We say a distribution y is p-variance independent if for all functions
f:Q—>R,

(1 - 1%) Var, (f) < E(s)~p, [Varu—s ()],

or equivalently

1
:;HVarﬂ (f).

Var,, (f(l)) <
Lemma 3.4. Let u be a distribution over Q C [q]". Suppose that u is n-spectrally independent. Then y is n-variance
independent.
Proof. We consider the term Var,, (). By definition,
2
Var,, (fu)) - <f(1)’f(1)> _ <f<1>, 1>
H1 HF1
1 [—. [—
== D0 ms) () W= (0L
n .
(i,s)eP1
Now we define the random walk R, ; over Q as:
Rui== 3 —— (1°7) (1) diag (1)
w1 = : .
" isyer, Hils)

It’s not hard to observe that its stationary distribution is y. Then we know

Var,,, (fV) _ <f’R,u,1f>u - <f91>;2,
Var, (f) — (f.f),—(f 1)

Then it suffices to bound the second largest eigenvalue of R, ;. Although R,,; is the transition matrix in R**®, it
has a decomposition as

<Ry = g 0 Ry i )

. . _ 1
diag (40)""* Ry 1diag (1)~ = ~UpaUy,y

where U,; € R has columns ;(s)~/2diag (y)l/2 12~ for each (i,s) € P;. Then we only need to consider the
eigenvalue of the matrix %UJ Uu1- By definition, for every (i,s), (j,t) € P4,

1 Proyle@) =sre()=1]
n \Pro o, [w(i) = s]yPro, [0() = s

Note that, this is the symmetrized version of the random walk Q,,; with stationary distribution y, i.e.

(%UJ 1Uu,l) ((0,5), (o 1) =

Qu1((i,s), (j, 1) = %Prmp [w() =t | w(i) =5s].
Thus we know

A2 (Rp1) = A2(Qp1) = Amax(Qpa — 1111T)-

Observe that Q,; — 1y is exactly %"I"; where (I"; is defined as Remark 1.5. Then we conclude A3 (R,,1) < HT” O
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Since for the Glauber dynamics PP, we have already known for every function f : Q — R,

Epen (f, f) = Eixpn) [Ef~ﬂ[n]\{i) [Var/f (f)” >
the spectral independence immediately implies the mixing rate of PSP.

Theorem 3.5 (A Reformulation of Theorem 2.8). Let i be a distribution over Q C [q]™. Suppose that y1 is n-spectrally
independent. Then Glauber dynamics for the distribution p has a spectral gap Q (n_(“”)), and thus has the mixing
time O(n*).

Proof. We only need to show the spectral gap of P°P. Since y is n-spectrally independent, by Lemma 3.4, for 1 <
¢ < nand every (A, op) € Py, p° is p-variance independent. Then it holds that

-1
Var, (f) < (1 - 1%) E(is)~m I:Varuﬂ—s (N]

-1 -1
1+7n 1+7y
< (1 - ) (1 - m) E({ijhoi )~ [Var,,{i’ﬂwn,j) (f)

n
S “e
-1 147 -1
< 1—[ (1 - ]) EAon)~pe [Var#GA (f)]
7=0
i
< exp ((1 + 7]) Z n—_] E(A,O'A)~,uf [VarHUA (f)]
j=0
n \tn
S (n — k) Eaon) e [Varues ()]
Let £ = n — 1, and we conclude the result. O
We remark here that, when n > 1, it holds that 1 — % < 0 for £ = n — 1. To avoid this case, alternatively we

define: for every 0 < £ < n,

= max A (‘I’UA).
Ne (Ao ep, max | £

Usually 7, has the upper bound
ne < min{n,C(n—£)}

where 0 < C < 1. However, this is only a technical issue and is not the heart of most cases.

3.1.1 Optimal spectral gap for sparse graphical models

For graphical models with constant degree, it is well-known that the mixing time of a single-site Markov chain is
at least Qa(nlogn) in Hayes and Sinclair [ ]. To achieve an optimal mixing rate, we show how to improve the
result in Theorem 3.5.

Definition 3.6 (Graphic Markov Property). For a distribution y, we say it has the graphic Markov property if there
exists a graph G = (V(G), E(G)) such that p is a Markov distribution with respect to G, i.e., for every partition

V(G)=AUAUB

such that A is isolated with B by A, it holds that for every pinning o on A, the distribution 43" . is the product
probability measure as p§" ; = 3" ® pp".

Also the following shattering lemma is of great importance.

13



Lemma 3.7 (Shattering Lemma for Sparse Graph). Let G = (V(G), E(G)) be an n-vertex graph of maximum degree
A. Then for every positive integer £ > 0,

Prs [|S,] = £] < (2eA0)!

where S is a uniformly random subset of V(G) of size [On], and S, is the unique maximal connected component of G[S]
containing v.

Theorem 3.8. Let y1 be a distribution over Q C [q|". Suppose that yi is n-spectrally independent and graphic Markov.
Then the Glauber dynamics for u has spectral gap Gap (PSP) > Q(1/Cn) for some constant C = C(A,n) > 0.

Proof. Let £ = (1 — 0)n for some parameter 0 < 6 < 1. By Lemma 3.7, we have

Var, (f) < 9_(1+”)Es~(’;) [Ecepis [Var,r (H]]

< 07(1+’7)ES~(’;) ET~#V\5 Z Var% (f)

U is the maximal connected component in S

<070 S B, [Var ()] Eg_(s) [Cis.l]
veV

[

< 0D RE, v [Erep, [Var: (N]] Z(zeAe)"‘lc,.
k=1

when 6 < O(1/A), it holds that Var, (f) < C(A,m)n - Eyy [ETNH_U [Varyzg (f)] ], thus leading to the result. |
Remark 3.9. Theorem 3.8 shows us the mixing rate of the Glauber dynamics for a distribution with spectral inde-

pendence is 5A,,7(n2).

3.2 Entropy tensorization and optimal mixing rate

To show the optimal mixing of the Markov chain, we consider the standard/modified log-Sobolev inequality con-
stant.

Definition 3.10 (Marginal Boundedness). For a distribution g on Q C [¢]” and a parameter § € (0,1/2], we say p
is f-marginally bounded if for every A C [n], every feasible pinning o) on A and i € [n] \ A, it holds that for every
feasible (i,s) € [q],

HS) 2 B

Theorem 3.11. Let u be a distribution over Q C [q]". Suppose that p is n-spectrally independent, graphic Markov and
B-marginally bounded. Then the Glauber dynamics for u has the modified log-Sobolev inequality constant

ps(PSP) > Qpp p(1/n)
thus leading to the mixing time Op , g(nlogn).

Similarly to the definition of variance independence Definition 3.3, we introduce the following concept of en-
tropic independence firstly in Anari et al. [ ]

Definition 3.12 (Entropic Independence [ ]). For a distribution p over Q C [g]", we say y is n-spectrally
independent if for all function f : Q — R,

(1 - 1%) Ent, [f] < Eic{n] [Es~y [Entics [£1]].

Note that it is equivalent to the following inequality

1+7n

Ent,, [f“)] < ——Ent, [f].

14



Often we write the entropic independence as the following form:

1+
Dxr (vq || 1) < —UZ)KL (v |l g), Vprobability measure v over Q.
n

Similarly to Theorem 3.5, the entropic independence also implies a factorization of entropy.

Proposition 3.13. Let u be a distribution over Q C [q]" and fix an integer 1 < ¢ < n. Suppose that there exists
n < O(1) such that for every A C [n] with |A| < n — £ — 1 and every pinning o5 € [q]®, the conditional probability
distribution u° is n-entropically independent. Then for every function f : Q — R,

Ent, [f] < CEg_(imy [Eemppups [Entyr [f1]]

where Cp < (%)H”.

The proof of Proposition 3.13 is similar to the proof of Theorem 3.5 and just replace all Var. (-) with Ent. [-].
When ¢ = 1, it is easy to see the result of Proposition 3.13 establish an approximate tensorization of entropy. As
a corollary, we can obtain the bound of prs(P®P).

Corollary 3.14. Let u be a distribution over Q C [q]". Suppose that there exists 1 < O(1) such that for every
A C [n] and every pinning o5 € [q]", the conditional probability distribution u°®» is n-entropically independent. Then
prs(PCP) > Q(1/C) where C < n'*".

Together with the graphic Markov property and marginal boundedness, the spectral independence implies the
entropic independence for the conditional probability measures under an arbitrary pinning.

Lemma 3.15 (Spectral Independence Implies Entropic Independence [ 1). Let p be a distribution over Q C
{=1,+1}". Suppose that u is graphic Markov, pi-spectrally independence and f-marginally bounded. Then y and all its
conditional distributions are O(n/?)-entropically independent.

Assuming Proposition 3.13 and lemma 3.15, we can prove the full version of Theorem 3.11. See [ ] for
detailed proof.

3.2.1 From spectral independence and marginal boundedness to entropic independence

The most important step from rapid mixing to optimal mixing is to establish entropic independence from spectral
independence and marginal boundedness. We follow a way to establish a ‘local-to-global’ framework, and under
this kind of framework, we compare the ‘local entropies’ with ‘local variance’ via marginal boundedness.

Fix a function f : Q — R. For every 0 < ¢ < n, recall the function f*) as

FO(0n) = By [f(@) | @(A) = 0a],  Y(A,0n) € Py

Here we omit the symbol denoting the subset A since it can be known from the pinning o,. For every feasible partial
pinning 75 on S C [n], we define:

f(rs,i’) (O'A) — f(Hlsl)(TS L O'A), V(A op) €Pr, ANS = @.

Accordingly we define the distribution y,° as

r 1
1o (on) = mPrww [w(A) =0p | w(S)=15], VY(Aor) €Pr,ANS=0.
¢

For the sake of simplicity, we use Ent,,, [] to denote Ent - [-].
t

Definition 3.16 (Local-Entropy Contraction). For 0 < a < 1, we say p satisfies a-local entropy contraction if for
every function f : Q — R, it holds that

(12 o]
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Proposition 3.17 ([ 1). Let u be a distribution over Q C [q]". Suppose that ui is graphically Markov, n-spectrally
independent and f-marginally bounded. Then y satisfies a-local entropy contraction with a = O(n/B?).

Theorem 3.18 (Local-to-Global Entropy Contraction Theorem [ 1). Suppose that there exists 0 < a < 1 such
that for every 0 < k < n— 2, every S C [n] and every feasible pinning ts € [q]°, the probability measure ™ satisfies

1 -1
Ent, , [f(fs’l)] <3 (1 - - a k) Ent, [f“s’z)] :

Then for every 0 < k < ¢ < n and every function f : Q@ — R,

Ent; [f®] _ Ent, [FO]
Br B Pe

i1 1qj-1
where f; = ;:(IJ [, (1- nz—f‘t)

Proof. Note that it suffices to prove the case £ = k + 1. We prove it by induction. When k = 0, it is just the definition
of the local-entropy contraction. Otherwise, by Lemma 3.1,

Entgy; [ f<k+1>] — Entg_; [f("‘l)] = Eg~py, [Entmz [f(“’””

P |

n—-k+1

=2 (1= =) (Bat [~ Bmtis [ £ ])

22(1—

By induction hypothesis, 'tEntkq [f(k_l)] < ﬁikEntk [f(k)]. Then we obtain

a2 ]2 o
(2 (1 - n—i+ 1) - ﬁf’il (1 - n_lech 1))Ent" [f(k)]
e

g 0]

\%

O

Proof of Lemma 3.15. By Proposition 3.17, it holds that y satisfies a-local entropy contraction with « = O(n/f?).
Then, by Theorem 3.18 with k = 1 and ¢ = n, for all function f : Q — R,

Ent, [f“)] < ﬂlEntH [£]

where
n-1j-1 n-1 -0(m/p*)
2
7=0 i=0 n-—t s \n—J
It is easy to show the optimal choice of 6 is O(%/n). O

3.2.2 Optimal mixing rate without marginal boundedness

Recall that in Theorem 3.11, the marginal boundedness property seems to be necessary. However, in most graphic
models, the marginal bound might be bad than what we expect. In this section, we will show how to derive an
optimal mixing rate without the assumption marginal boundedness, but with a stricter assumption on spectral
independence.
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Definition 3.19 (Exponential Tilt). For a vector § € R" and a distribution y over {—1,+1}", define the exponential
tilt Tou as the distribution over {—1, +1}" by:

p(x) exp (40, x))
Zye{—1,+1}" ,ll(y) eXP(<9: y>) ’

Top(x) = Vx € {-1,+1}".

Remark 3.20. The exponential tilt is introduced by the principle of maximum entropy. Consider the following
optimization problem:

ir‘}fDKL (vl ) s.t.Exey [@(x)] = m.
The principle of maximum entropy says the optimal distribution will be of the form
1o (%) o p(x) exp((6, 0(x)))
for some vector 6 € R”".

Theorem 3.21 (] , 1). Let u be a distribution over {—1,+1}" and fix a parameter . The followings are
equivalent.

« For every 6 € R", the tilted distribution Tou is n-spectrally independent.
« For every 6 € R", the tilted distribution Tou is n-entropically independent.

To prove Theorem 3.21, we introduce the logarithmic Laplace transform of y. Given a distribution y over
{-1,+1}", define the function L,:R" — Ras

L,(0) :=1ogE,., [exp({0,x))], VO eR".
The following properties of £, () are proved by Bubeck and Eldan [ 1.
Proposition 3.22 ([ 1). Let u be a distribution over R"™. Then the followings hold:

« L,(+) is smooth and strictly convex.

« It holds that
VLy(0) = Exogu [x], V2L, (6) = Cov (Tpp).
« Its convex conjugate L}, (x) := supy {(x, 0) — Ly(e)} has the form
L,(x) = D (Tor () 1 ” 1)
where 0 (x) = V.L), (x) is the optimizer of the convex conjugate. Furthermore, if all mappings are invertible, then
VZLZ(x) = Cov (7('9*(,();1)_1 .

Proof of Theorem 3.21. For convenience we use b(-) to denote the mean of a distribution. Firstly observe that

11+b(p); 11-b(p);

)ul((i:"'l)) = ; 2 s .ul((i:_l))n 2

Then it follows that

1
DL (vi |l 1) = - Z

n
i=1

1+b(v),-1 1+b(v); 1—b(v),-1 1-b(v);
( 2 ETeb(n, 2 Ogl—b(u)i)'

Define the function H : [—1,+1]" X [-1,+1]" — R as

Ia(1+x. 1+x 1-x. 1-x
H(x,y) = - 1 + 1 Vx,y € [-1,+1]"
(x,y) n;( 7 e, YTy o8y, YRy [ ]
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Then it suffices to show for all distribution v over {—1, +1}",

H(b(v),b(p) < (1+m)Dxe. (v || p) -

Then by the principle of maximum entropy, we only need to consider v = 7pu. By Proposition 3.22, it is equivalent

to

Fy(x) = (1+n)L,(x) - H(x,b(p)) 20, VxeR"

Observe that F,(b(y)) = 0, and by calculation, VF,(b(p)) = 0. On the other hand, note that

VF,(x) = (1+n)Cov (7(3*(,();1)_1 — diag (1 - xz)_1 .

Then VF,(x) < 0 comes directly from the spectral independence of all exponential tilt distributions.
Conversely, assume that the entropic independence holds for all exponential tilt distributions. Observe that

Fu(x) = Fu(b()) ~ (VE(b(). x = b()) = Fr. () 2 0.

Then we know F,(x) is globally convex, meaning that the spectral independence holds for all tilts. O
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